g-Exponential Random Graphs: higher-order networks from simple constraints
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Exponential Random Graphs (ERGs) are among the most widely used network models, derived
as principled least-bias graph ensembles that maximize Shannon entropy under constraints on the
expected values of given structural properties. However, it has been recently (re)discovered that,
in absence of additional information privileging Shannon entropy, the most agnostic inferential con-
struction should maximize the broader class of Uffink entropies. The resulting entropy-maximizing
distribution changes from the exponential (Boltzmann—Gibbs) to the so-called g-exponential one.
Since maximizing Shannon entropy may produce an unjustified independence between degrees of
freedom, here we investigate how the most popular ERGs with independent edges (namely, the
Erdds—Rényi and configuration models) generalize to higher-order ¢-Exponential Random Graphs
with dependent edges in the non-Shannon case, while keeping their defining constraints (number
of links and degree sequence respectively) unchanged. We find features, such as a phase transition
between sparse and dense regimes, that are absent in the original ERGs but typical of higher-order
networks, plus novel phenomena such as richer assortativity and clustering profiles, which allow for
the coexistence of link sparsity and triadic closure. These results show that higher-order networks
do not necessarily require higher-order constraints, as they naturally arise from simpler ones in a

framework that is even more agnostic than Shannon’s.

I. INTRODUCTION

Exponential Random Graphs (ERGs) were initially
proposed for social network analysis [1-5] and have
been later re-derived [6] as principled unbiased models
of graphs that can be successfully used, among other
applications, for network reconstruction, pattern detec-
tion and combinatorial enumeration [7-11]. ERGs are
defined as canonical ensembles of graphs that maximize
Shannon entropy [12] under constraints on the expected
value of (in principle) any desired network property.
Being a family of models based on the choice of the
defining constraints, ERGs are very flexible and in fact
ubiquitous in network science: prominent examples
include the Erdés-Rényi random graph model [13, 14]
which can be obtained from a single constraint on the
expected density of links in the graph, the Configuration
Model [15] which corresponds to multiple constraints
on the expected degrees of all nodes separately (i.e.,
on the expected degree sequence), and the (Degree-
Corrected [16-18]) Stochastic Block Model [3, 19] which
separately constrains (the degree sequence in addition
to) the densities of links within and across different
blocks of nodes, thus producing graphs with community
structure.

ERGs permeate network science because, depending
on the chosen constraints and how they are enforced, they
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can be used as unbiased null models to test for higher-
order properties (such as reciprocity [1, 20-22], triadic
closure [23, 24], network motifs [25], core-periphery struc-
ture [26], communities [27], or other statistically vali-
dated patterns [28, 29]), as structural models to replicate
given features and identify structure via optimal parame-
ter fitting [1-3, 10, 18, 30, 31], and finally as instruments
for network reconstruction [32, 33], link imputation [34],
and other inferential tasks [9].

A. The maximum-entropy foundation of ERGs

The reason why ERGs are so widely accepted in
network science comes from their rigorous derivation
from the Maximum Entropy Principle (MEP), originally
introduced heuristically by Jaynes [35, 36] and later
axiomatically formalized by Shore and Johnson [37, 38].
The MEP states that, given partial (aggregate) empir-
ically available information about a (large) system —
phrased in terms of expectation values (often low-order
correlations or cumulants) — the least biased inference
about the underlying microscopic state is a necessarily
probabilistic. It is obtained by selecting the probability
distribution, over all admissible microscopic states, that
maximizes Shannon entropy, subject to the imposed
constraints encoding the available information. In
Jaynes’ original formulation of the MEP, other types of
constraints, such as escort means, quasi-linear means
or non-inductive prior information (e.g., constraints
involving the Lipschitz—Holder regularity of probabil-
ity distributions or the Hausdorff dimension of the
underlying state space) are not considered. As well
known [6, 11, 35] (and briefly summarized below),
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the specific form of Shannon entropy implies that
the resulting entropy-maximizing probability has an
exponential dependence on the chosen constraints, giv-
ing (in the context of network models) ERGs their name.

But why is the MEP a rigorous construction in the
first place? In turn, this comes from certain guaran-
tees enforced via the axiomatic definition of Shannon
entropy [12, 39] as the amount of uncertainty encoded
in a probability distribution. In the language of random
graphs relevant to this paper, if G,, denotes a set of graphs
of interest (e.g., undirected/directed, binary/weighted,
etc.) onnnodes and P = {P(G)}geg, denotes a discrete
probability distribution attaching a probability P(G) to
each graph G € G,, then Shannon entropy is the only
scalar function S[P] of the elements of P that respects
the following four Shannon—Khinchin (SK) axioms [39]:

e SK1 (continuity): S[P] is continuous in the entries
of P.

o SK2 (mazimality): S[P] is maximal when P is the
uniform distribution over G,.

e SK3 (expansibility): S[P] does not change if an
extra microscopic configuration G’ with zero prob-
ability P(G’) = 0 is added to the support G,,.

e SK/ (additive separability): if P(G) is interpreted
as a joint distribution of two random variables (here
obtained by partitioning the random graph G into
two non-overlapping subsets G; and Gy of pairs
of nodes, with G = G; U Gy and G; N Gy = ()
with marginal distributions Q(G1) and R(G3) re-
spectively, then S[P] separates additively as

SPl = slQl + S[RIQ], (1)

where S[R|Q] is the conditional entropy defined as
the mean, over Q(G1), of the entropy of the con-
ditional distribution of Gs, given G;. Note that
in particular, if G; and G5 are independent, i.e.
P(G) = Q(G1)R(G2), then S[P] is simply the sum
of S[Q] and S[R], i.e.

P(G) = Q(G1)R(G2) = S[P] = S[Q] + S[R]. (2)

It is possible to show [39] that, up to an inessential posi-
tive prefactor, the only quantity realizing the above four
SK axioms is Shannon entropy

S[P] = = > P(G)lnP(G), (3)

which represents a cornerstone in information theory [40]
and statistical physics, where it coincides with Gibbs
entropic functional [41] and (upto a sign) with Boltz-
mann’s H-function [42].

With the above properties of Shannon entropy in mind,
the rationale behind the MEP is that, in presence of only

aggregate information about the state of a system, the
least biased probability distribution characterizing the
unobserved microscopic states should be the one that en-
codes maximal uncertainty, besides reproducing (in ex-
pectation) the observable aggregate properties over the
distribution itself [35]. This is why ERGs give a pre-
cise meaning to otherwise vague definitions such as ‘ran-
dom graphs with given link density’, ‘random graphs with
given node degrees’, or ‘random graphs with given com-
munity structure’: all such models can be rigorously un-
derstood as the least biased, maximum-entropy graph
ensembles with given expected properties [6, 7, 9]. The
Erdds—Rényi model [13, 14], the (canonical) Configura-
tion Model [15] and the Stochastic Block Model [16-18]
represent precisely such ensembles, respectively.

B. A generalized maximum entropy principle

In this paper, we introduce an additional element to
the definition of ERGs, which descends from the recent
fascinating (re)discovery that the MEP admits a more ag-
nostic construction, based in turn on a more general fam-
ily of entropy functionals with desirable inferential prop-
erties [43—45]. Indeed, while Shannon entropy is the only
entropy respecting the four SK axioms as stated above,
there is an important generalization that arises from re-
laxing the additivity requirement expressed in Eq. (1) of
SKJ. It should be noted at this point that such gener-
alization of SK4 has been a matter of discussion in the
statistical physics literature for decades (see, e.g. [46] and
references therein). This is mainly because it has been
often regarded as the relaxation of Eq. (2) rather than of
Eq. (1) — hence as a transition to an unavoidably non-
extensive (or rather non-additive) thermodynamics [47],
such as the one based on Tsallis entropy [48]

e = = (E o). W
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which indeed violates Eq. (2). However, while Eq. (3)
implies Eq. (1) which in turn implies Eq. (2), there ex-
ist generalizations of Eq. (3) that violate Eq. (1), while
still realizing Eq. (2), hence remaining completely addi-
tive over independent systems. The most notable such
extension is Rényi entropy [49, 50], defined as

LI > PYUG). (5)
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To explore possible generalizations of Eq. (3) system-
atically, it was shown in Refs. [44, 45] that if the sum in
Eq. (1) of SK4 is replaced with the following so-called
Kolmogorov-Nagumo operation’

S[P] = slQlef S[RIQ], (6)

1 Given a set M and a bijection f~1 : M — N C R, the generalized



(arising in the context of generalized arithmetics [51, 52]),
then the most general entropy consistent with the four
SK axioms (with modified SK4) becomes

SPIP] = f(U,[P)), (7)

(G% e (5)

where f is an arbitrary strictly increasing and positively
supported function, U,[P] is what is called (for reasons
that will be clear in a moment) the Uffink functional [43],
and ¢ > 0 is what we may call an ‘entropic parame-
ter’ [53]. Indeed, the choice f(x) = lnx retrieves Rényi
entropy in Eq. (5):

SYMIP] = Ry[P]. (9)
Similarly, the choice f(z) = In,(x), where
|
Ing(z) = g (10)

is the so-called “g-logarithm” (not to be confused with
the ordinary logarithm of z to base ¢), retrieves Tsallis
entropy in Eq. (4):

Sha[p] = T,[P]. (11)

For both entropies, the limit ¢ — 1 recovers the Shannon
entropy given in Eq. (3), i.e.

lim S{™[P] = lim S{™)[P] = S[P]. (12)

q—1 q—1
The family of entropies given by Eq. (8) is quite gen-
eral (see [44, 45, 53, 54]). One might nonetheless won-
der whether the modified form of axiom SK4 in Eq. (6 )
and hence the resulting modified entropy in Eq. (8), is
merely an arbitrary construction or instead arises from a
deeper mathematical consistency requirement. Crucially,
it turns out that this modification is in fact necessary in
order to recover the most general form of entropy con-
sistent with another set of axioms, introduced by Shore
and Johnson (SJ) [37, 38|, which ensure the logical con-
sistency of the MEP within Statistical Inference Theory
(SIT). At this point, it is important to emphasize that,
in SIT, entropy functionals serve primarily as technical
tools for the unbiased assignment of probability distribu-
tions consistent with a given set of constraints. Indeed,

Kolmogorov-Nagumo arithmetics is defined as follows:

c®ry = f(f M@ )+f’1( ));
zory = f(fH @) — (),
e@ry = f(f @) f ())
zory = F(FH @)/ W)

one may argue that the maximum-entropy distribution is
the primary object in SIT, while the entropy itself plays
a secondary role, without an independent operational in-
terpretation within the framework. This stands in con-
trast to information theory, where entropy is a primary
quantity, often endowed with a clear operational mean-
ing, for example in terms of coding theorems. Even if
entropy play a secondary role in SIT, it must still satisfy
a minimal set consistency conditions. Specifically, Shore
and Johnson formulated their axioms not as requirements
on the mathematical form of the entropy itself, but rather
as conditions on the properties of the probability distri-
bution obtained by maximizing the entropy under given
constraints [37, 38]:

e SJ1 (uniqueness): The result (i.e., the entropy-
maximizing distribution) should be unique.

e SJ2 (invariance): It shouldn’t matter in which co-
ordinate system one accounts for new information.

e SJ3 (Subset independence): Tt should not matter
whether one treats disjoint subsets of system states
in terms of separate conditional distributions or in
terms of the full distribution.

e SJ4 (System independence): It should not matter
whether one accounts for independent information
(i.e., constraints) about independent systems sepa-
rately in terms of marginal distributions or together
in terms of a single joint distribution.

e SJ5 (Maxzimality): In absence of any prior infor-
mation, the uniform distribution should be the so-
lution.?

Curiously, Shore and Johnson incorrectly claimed that
Shannon entropy in Eq. (3) is the only choice compatible
with their axioms [37], a statement that has for a long
time suggested the equivalence of the SJ axioms and the
original SK ones. However, Uffink [43] later identified
an error behind Shore and Johnson’s initial conclusion,
which was due to an unjustified hidden assumption:
when considering the availability of distinct pieces of
information about two subsystems of the same system,
Shore and Johnson incorrectly implied that the resulting
maximum-entropy joint probability factorises, de facto
applying SJ4 even when the independence of the two
systems is not guaranteed [43, 44]. However, having
disjoint pieces of information about two subsystems
obviously does not guarantee that the subsystems are

2 Actually, Shore and Johnson defined the maximality axiom only
implicitly. Indeed, starting from the principle of minimum cross-
entropy, they introduced the MEP as its equivalent in the case
where the prior distribution is uniform. For this reason, even
if not explicitly axiomatized, they considered the posterior P to
be equal to the uniform distribution (i.e. the same as the prior)
when no information is available.



independent. Unfortunately, as we discuss in detail
in this paper, this is precisely what happens with
the exponential probability distributions maximizing
Shannon entropy, and therefore with the whole class of
ERGs used so far in network science.

Remarkably, Uffink [43] showed that, if the hidden un-
justified assumption of independence is dropped, then the
entropy resulting from the SJ axioms is not necessarily
the Shannon entropy, but rather the broader class of en-
tropies given in Eq. (8) — justifying the choice of the
name “Uffink functional” for the quantity U,[P]. Conse-
quently, the SJ axioms are, in fact, equivalent to the mod-
ified SK axioms [as defined via Eq. (6)] [44, 45], rather
than the original ones. Both sets of axioms therefore
characterize the full class of Uffink-type entropies as in-
ferentially admissible, rather than singling out the Shan-
non entropy as the unique solution. Shannon entropy is
the only unique solution when, in addition to the original
SJ axioms, an additional assumption of independence is
made. This also means that, in the equivalent language of
SK axioms, the additional independence assumption cor-
responds to the restriction from the general Kolmogorov-
Nagumo separability in Eq. (6) to the additive separabil-
ity in Eq. (1), i.e. to a specific choice of f with ¢ — 1 in
the Uffink functional S(gf) [P] defined in Eq. (7). For this
reason, g can be interpreted as a parameter controlling
the degree of dependency between otherwise independent
degrees of freedom in the Shannon (¢ = 1) case: values
q # 1 can induce positive or negative correlations among
otherwise uncorrelated variables. Similarly, as we will
show in more detail, the Kolmogorov—Nagumo function
f determines the scaling behavior of the entropy for uni-
form distributions [45].

C. From exponential to g-exponential ensembles

Accepting the extended family of entropies in Eq. (8)
as the most general inferential solution implies acknowl-
edging that the MEP should be correspondingly general-
ized to the search for the most general probability distri-
bution that, given a set of input information, maximizes

ng ) [P], rather than being restricted to the Shannon en-
tropy S[P] [43-45, 53, 55]. In other words, in the ab-
sence of additional information that would privilege the
Shannon form, a maximally agnostic inference procedure
should instead consider the broader class of Uffink-type
entropies. This is because maximizing the Shannon en-
tropy may implicitly enforce independence between de-
grees of freedom, which need not be justified in general.
Clearly, the resulting maximum-entropy solutions there-
fore constitute a family of probability distributions that
includes, but is not limited to, the standard exponential
distributions obtained from Shannon entropy.

Note that, conveniently, the resulting generalized prob-
ability distribution is independent of f — since f is as-
sumed to be monotonically increasing, the maximizer of

4

S’(gf ) [P] is unaffected by the specific choice of f — but it
does depend on q. We are therefore dealing with a rel-
atively simple, one-parameter extension of the standard
exponential distribution. The ensuing generalization is
known as g-exponential distribution (which indeed max-
imizes Tsallis entropy T,[P], Rényi entropy R,[R] and
Uffink entropy Uy[R] altogether [43-45, 47, 48, 53, 55]).
The g-exponential function is defined as the inverse of
the g-logarithm In,(z) defined in Eq. (10), i.e.

expy(r) = [1 + (1—q)a]/""?, qeR, (13)

(with [z]4 = max{z, 0} guaranteeing that the probability
distribution is single-valued and real). In the limit ¢ — 1,
the ordinary exponential function is retrieved:

lim expy () = exp(), (14)

consistently with the fact that, in the same limit, Shan-
non entropy is retrieved as previously noticed in Eq. (12).

Based on the above considerations, in this paper we
make the natural logical step of introducing the g-
exponential generalization of ERGs, which we denote as
g-Exponential Random Graphs (¢-ERGs), as the most
general and agnostic class of maximum-entropy network
models with given constraints. Besides the general the-
oretical and applied relevance of exploring ¢-ERGs, an
aspect of particular interest is how the independence of
links in Shannonian ERGs gets replaced by nontrivial
dependencies in ¢-ERGs. This is particularly relevant in
light of the recent emphasis on higher-order networks and
the several attempts of introducing parsimonious mod-
els capturing them in terms, e.g. of (random) simplicial
complexes and hypergraphs [56-60].

The layout of the present paper is as follows. In
Sec. 11, we briefly revisit some fundamentals of the MEP
applied to graphs, leading to Shannonian ERG mod-
els. In particular we review how the popular Erdds—
Rényi models and the Configuration Model emerge in
this context as the most important models with inde-
pendent edges. In Sec. III we introduce our generalized
family of ¢-ERGs which is obtained when the MEP is
extended to the Uffink entropy. In particular, we ex-
plicitly derive the generalized g-exponential graph prob-
ability distribution and introduce various technical tools
and concepts that become necessary in the non-Shannon
(g # 1) case, including the concept of effective Hamilto-
nian and a reparametrization technique that eliminates
self-referentiality. In Sec. IV, we apply the ¢-ERG frame-
work to obtain the natural generalization of the Erd&s—
Rényi model, analyzing its large-N behavior, the emer-
gence of edge dependencies that are typical of mod-
els with higher-order constraints, and the accompany-
ing phase transition. In Sec. V we carry out the corre-
sponding g-exponential generalization of the Configura-
tion Model, identifying novel results such as the possi-
bility of enhancing the local clustering coeflicients and
altering the assortativity properties by varying ¢, while



keeping the degree sequence constrained. We finally offer
our conclusions in Sec. VI.

II. TRADITIONAL SHANNONIAN ERGS

Here we briefly review the key elements of the tradi-
tional Shannon-based MEP approach [35, 37] to network
ensembles, which leads to the standard ERG models [1-
11] that will be relevant as our benchmarks in subse-
quent sections. Our particular focus will be on how the
Erdds—Rényi model [13, 14] and the canonical Configu-
ration Model [15] naturally emerge in this context. More
detailed expositions can be found, e.g. in Refs. [6, 9].

The MEP approach [35] focuses on Shannon’s entropy
S[P] [12] which, in the context of networks, is defined
in Eq. (3) over the set G, of all graphs with n nodes.
Here P(G) represents the probability of graph G in the
ensemble. In the inductive inference framework, one en-
codes the available information in terms of K canonical
constraints {c;(G)}E |, each of which is a function of the
considered graph G. For each constraint c;, the available
information is expressed in terms of a target value c}
(generally, an observed value) and the constraining pro-
cedure consists of equating the expected value (ensemble
average)

()= ) P(@a@), i=1K, (15)

Gegn

with the corresponding target value c;. Note that we are
using angular brackets to denote averages over P(G). As
an additional (K + 1)-th constraint, one has to impose
the normalization condition

> PG)=1. (16)

Gegn,

The resulting graph probability distribution P(G) is
obtained by maximizing the entropy functional, S[P],
subject to the aforementioned K 4+ 1 constraints. In-
troducing the associated K + 1 Lagrange multipliers
0 = {0;}, and a, the constrained maximization of
S[P] is achieved by imposing the vanishing of the par-
tial derivatives of the Lagrange functional

- ) P(G)InP(G)

Geg,

- >0 ( > al@P@) —C?)

i=1 GeGn

Llp] =

_ P(@)-1], (17)
(5 7-)

Gegn

with respect to both the Lagrange multipliers and the
values of P(G). The vanishing of the former derivatives
generates the equations

= ey, i = 1,K, (18)

that enforce the desired constraints. The vanishing of the
latter derivatives leads to the functional form of P(QG)
which, after eliminating the multiplier a via the normal-
ization condition [6, 9], reads

P(G) = %exm—ma,o», (19)
where
K
H(G,0) = > 0;ci(G), (20)
=1

is the so-called graph Hamiltonian. and

2(0) = Y e HEO, (21)

GeGn

is the ensuing partition function. Therefore, in direct
analogy with statistical physics, the form of P(G) mimics
the Boltzmann distribution for the canonical ensemble.

Once the probability P(G) is determined, it can be
used to express the expected value (¢;) of each constraint
¢i(G) as a function of the parameters 0. Alternatively,
the same result is obtained via the derivative

(¢;) = —%1}(12(0). (22)

Finally, the values of the parameters 6 are obtained by
equating the expected value of each constraint with the
corresponding target value into Eq. (18), which in general
represents a system of K nonlinear coupled equations in
the K unknowns {6;}% . Various techniques to identify
the corresponding solution have been introduced [10, 30,
61, 62].

The central goal in the analysis of ERGs is the ex-
plicit calculation of the partition function Z(0) for a
given choice of the constraints {c;(G)}£ ;. Depending
on the definition of the latter, this task can be more
or less easy (or even impossible) [9, 10]. For our pur-
poses here, we will consider simple additive choices of the
constraints (which are also the most widespread choices
adopted in the analysis of real-world networks) that lead
to explicit forms of Z(#). Importantly, these choices
highlight the resulting independence between links in the
graph, that follows from the Shannonian (¢ = 1) as-
sumption. Therefore these models represent the clean-
est benchmarks against which the novelty of ¢-ERGs will
emerge in our subsequent analysis in Sec. ITI. Concretely,
in the rest of the paper we consider examples of ensem-
bles obtained by choosing constraints on simple undi-
rected graphs (without self-loops) on n nodes. From now
on, G, will therefore denote the set of all such graphs.
Note that the cardinality of this set is |G, | = 2V where
N = () = n(n — 1)/2 is the number of distinct pairs of
n nodes (which coincides with maximum number of links
that can be realized).



A. Erdés—Rényi model

We first consider the case where there is only one (K =
1) constraint, namely the mean value of the total number
of links in the graph, which we denote as ¢1(G) = L(G).
It is convenient to introduce the adjacency matrix of a
binary undirected graph G, which is a symmetric matrix
A with elements a;; = 1 if there is a link between nodes
i and j, and a;; = 0 otherwise (with a;; = 0). For simple
undirected graphs, the number of links in G is given by

n

L@ = SN ay, (23)

i=1 i<j

and we set the expected constraint to the target value
¢; = L* as in the general prescription given by Eq. (18):

L* = (L) = ) P(G)L(G). (24)

GegGn
This leads to the graph Hamiltonian
H(G,0) = 0L(G) = 0 Y ai, (25)
i=1 j#i

and partition function

Z(0) = > e "9, (26)

Gegn

Changing notation from a sum over G to a sum over
all possible assignments {a;;} of the corresponding adja-
cency matrix entries, we can evaluate the partition func-
tion explicitly [6, 9] as

Z e 02Xt X i iy — Z ﬁHe_eaij

{ai;} {a;;}i=1j<i

[ Y e = [IIa+e"

i=1j<ia;;=0,1 i=1j<i

2(0) =

= (1+e V. (27)

The ensuing probability of the entire graph G then fac-
torizes over pairs of nodes as follows:

67‘9 i Zj<i Aij

10
n o—0ai; n
- U= = Hlrew. ey

where P(a;;) = e~9% /(14 e7%) is the probability of the
link between nodes i and j being either present (a;; = 1)
or absent (a;; = 0) [6, 9].

Thus, this model is a model of a random graph with
independent links — each link having the same probabil-

1ty
e 1

<CL,L'j> = P(l) = 1+6_9 = 1—‘,—69 =D, (29)

of being present, which is equivalent to modeling (g)
i.i.d. Boolean variables. Such model of graphs with in-
dependent links, with each link having the same prob-
ability p, is precisely the celebrated Erdds—Rényi (ER)
model [13, 14]. The connection probability p is nothing
but a reparametrization of the Lagrange multiplier 6 that
controls the expected total number of links

(L) = > (ai;) = pN, (30)

i=1 i<j

or, equivalently, the expected overall link density
(L)/N = p, see [6, 9]. Indeed, the value of p enforcing
the desired target number of links

L* = pN, (31)

as required in Eq. (24), is p = L*/N, i.e. it equals the
target link density.

The complete homogeneity of the ER model fails in
replicating the complex features of real-world networks,
such as the broad distribution of the number of links (de-
gree) per node and the asymptotic coexistence of spar-
sity (vanishing link density) and clustering (finite av-
erage fraction of realized triangles around nodes) for a
large number n of nodes. For this reason, while the
ER model remains a useful benchmark of homogeneous
graphs, more complicated ERGs with node-specific con-
straints are used in network science, as we now consider
in our next example.

B. Canonical Configuration Model

In the canonical Configuration Model (CM), the ex-
pected degree (number of links) of each node is con-
strained [6, 9]. The number of constraints is therefore
K = n. In terms of the adjacency matrix, the degree
k;(G) of node 4 in graph G is defined as

k‘Z(G) = E Qg = 1,71. (32)
J#i
This leads to a graph Hamiltonian with n constraints
C; = kJZ (’L = 1,’17,):

n

H(G,6) = i&ki(G) = Zzei%‘

i=1 j#i

> (0i + 05)ai; - (33)

i=1 j<i



The corresponding partition function is a straightforward
generalization of Eq. (27) and is given by [6, 9]

o) =[IJ](x+e"). (34)
i=1j<i
The graph probability still factorizes as

HHPU (aij), (35)

i=1j5<4

—(0i40;)aq;

HH1+6 (8:+6;)

i=1j<1

where Pj;(a;;) = e~ it0)ai /(1 4 e=(%+6:)) is the prob-
ability of the link between nodes i and j being either
present (a;; = 1) or absent (a;; = 0). However, the link
probabilities are now heterogeneous:

6707;79]'
(aij) = Py(1) = Tre 00
xixj _
- T = 17 36
o, = P (36)

where we have employed the conventional reparametriza-
tion from O to the so-called fitness parameters x via the
prescription z; = e~% [6, 9].

Now, equating the expected degrees to the target ones
following the general requirement of Eq. (18) leads to
the following n coupled nonlinear equations for the n
unknown parameters [9, 31]:

T
= (k;) = Zpij = Zﬁ i = 1,n, (37)
J#i J#i
where k} is the desired target value of the degree of node
i. Notably, these equations coincide with a maximum-
likelihood condition on the parameters @ [9]. The value
of x providing a solution to the above system of equa-
tions is unique, and efficient algorithms to find it for
large networks where k} is prescribed for each i sepa-
rately (typically, when it represents the empirical degree
observed in a real-world network [9, 31]) exist [62]. With
these parameter values, the CM can be used as a null
model of a given network with degrees {k}}? ,, e.g. to
look for possible higher-order patterns in terms of statis-
tically significant deviations from the maximum-entropy
ensemble [9, 31].

There is however also a different, ‘reverse’ approach,
where the parameters x are treated as free parameters
(e.g. the values {z;}; can be sampled ii.d. from a
probability dlstrlbutlon of choice) that can be varied in
order to explore the parameter space of the model and
study the resulting value of the expected degrees [6] and
of other topological properties of the network, without a
specific target network in mind. Still, one might want to
restrict the search in order to compare outcomes obtained
by different values of & while keeping certain overall prop-
erties, such as the overall link density, fixed3. A particu-

3 Note that, in order to keep the expected overall link density fixed

larly convenient strategy (that we will adopt later) is to
rewrite x; = 1/zs; where s; is still a node-specific param-
eter, while z is a global one. In this way it is possible
to sample {si}, ii.d. from any desired distribution,
while adjusting z to keep the average link density in the
network fixed to a prescribed value, independent of that
distribution. This means that the connection probability
can be rewritten as
28i84

G o= % 38
Pij 1+ zs;8;’ (38)

where z is determined, conditionally on the realized val-
ues of {s;}7,, by enforcing a constant expected link den-
sity ¢* = (L)/N as follows:

¢’ - N Z Z 1 f;:sj ' (39)

=1 j<1t

For fixed {s;}I,, the above equation coincides with a
maximum-likelihood condition for z [63]. With the above
strategy, it is possible to vary {s;}?_; and re-fit z to effec-
tively explore different fitness assignments {z;}?_; that
lead to exactly the same expected link density. This is
also the standard approach in techniques of network re-
construction from partial infromation [32, 33| that take
{si}_; as input in terms of some observable node fea-
ture, while requiring only the empirical knowledge of the
overall link density ¢* in order to construct maximum-
entropy ensembles for network inference based on link
probabilities in the form of Eq. (38). We will use the
above approach to keep the network density fixed while
exploring the g-exponential generalization of the CM in
the next section.

The CM model improves upon the ER model by al-
lowing the degree distribution of any real network to be
replicated in expectation. However, it still cannot repli-
cate the coexistence of sparsity (i.e. the average node de-
gree remaining finite as the number n of vertices becomes
larger and larger) and clustering (i.e. a finite value of
the local clustering coefficient). For this reason, models
with independent links (like the ER and CM) are believed
to be unable to replicate higher-order properties besides
those included in the constraints. This has led to the ex-
pectation that higher-order constraints need be included
in the construction of the maximum-entropy probability
in order to replicate those additional properties. How-
ever, in what follows we show that this conclusion is not
correct when considering more general entropies. The
same simple constraints as those defining the ER and

for different choices of the fitness vector @, it is not appropriate
to demand that the mean of the distribution from which the
entries of @ are sampled i.i.d. (hence the expected average of the
n fitness values) is kept fixed. This is due to the nonlinearity
of the relation between fitness x; and expected degree (k;) in
Eq. (37). For this reason, the approach described here and based
on the global parameter z is necessary.



CM can indeed lead to link dependencies, which in turn
can generate higher-order properties, including a finite
clustering in the sparse regime.

IITI. ¢-EXPONENTIAL RANDOM GRAPHS

We now come to our main contribution, by moving
beyond the Shannon case considered in Sec. II and con-
sidering the extended family of Uffink entropies given by
Eq. (8) as the object of the generalized MEP. As already
anticipated, the main result of the maximization of the
Uffink functional will be the replacement of the inverse
exponential distribution in Eq. (19) with the inverse g-
exponential function defined in Eq. (13). This operation
will define the new family of ¢-ERGs in terms of a certain
distribution that we denote as P,(G). To show explic-
itly how P,(G) emerges from the maximization of any of
the entropies in Eq. (8) for general ¢, we need to pick a
specific choice of f. Concretely, we select f(x) = Ing(x)
given by Eq. (10), which leads to the Tsallis entropy func-
tional T, [P] in Eq. (4) [48], even though the result will
in the end not depend on f (and on the resulting from of
entropy) because, as we mentioned, the maximizer of a
function is also the maximizer of any monotonic function
f of that function.

As in the Shannonian case, a key step is selecting
the K constraints {¢;(G)}X, and imposing definite val-
ues for their expected values. However, while in the
g = 1 case Eq. (15) provides a unique natural defini-
tion of the expected value {(¢;) of in terms of the dis-
tribution P(G) itself, multiple definitions of g-expected
values (c;)q exist in the ¢ # 1 case, all reducing to the
standard (¢;) in the limit ¢ — 1. In particular, three
averaging procedures have been used more often in the
context of g-exponentials. The so-called g-average, also
known as the Curado-Tsallis weighted mean (or 2nd ver-
sion of thermostatistics) [64], replaces P, (G) with PJ(G)
in the definition of the expected constraints and offers
certain formal advantages. For example, it allows one to
set up a formalism that closely emulates the formalism
known from conventional thermodynamics [65]. How-
ever, the g-average has a controversial status because
it violates normalization (Y, PI(G) # 1 for ¢ # 1)
and does not have an easy operational meaning. An-
other procedure is the 3rd version of thermostatistics,
which replaces P,(G) with the so-called escort distribu-
tion P(G)/ > o P#(G") and allows for a natural gener-
alization of the maximum-likelihood principle to the esti-
mation of the entropic parameter ¢ [53], restoring the cor-
respondence between entropy and negative log-likelihood.
Conversely, the conventional linear averaging procedure
based on P, (G) (also known as the Bashkirov’s 1st ver-
sion of thermostatistics) is conceptually cleanest from a
statistical inference point of view [44, 45]. In addition, it
aligns well with network science, where standard (linear)
ensemble averages are routinely used in ERGs as shown
above. For this reason, we adopt standard averaging in

our subsequent analysis and simply set

(ci)g = (@) = Y. P(G)a(G), i = LK, (40)
Geg,

in analogy with Eq. (15). In any case, all the three choices
(plus additional ones) can be made equivalent to each
other by an appropriate change of ¢ (e.g. via the dual-
ity between ¢ and 2 — ¢) and/or the way the Lagrange
multipliers {0;}X | are estimated [53, 66].

In order to maximize the entropy T,[P] under the K
constraints (¢;) = ¢} (i = 1, K) plus the additional con-
straint on the normalization of P as in Eq. (16), we define
the g-Lagrange functional £,[P] which is a direct gener-
alization of the Shannonian £[P] in Eq. (17):

@mﬁxlzww>

Gegn

—a(Z P(G)—l). (41)

Gegp

Optimizing this functional (see Appendix A for the full
derivation) yields the g-exponential graph probability

o (e 040060 )]
Z4(0)

exby_y (b Ll 0i(ei(G) — (@)
= . ) (42)
Z,(0)
where the partition function equals Z,(0) = U,[P,] and,
in the second line, we have have exploited the conve-
nient duality relation exp,(—z) = exp;_lq(ac) (see Ap-
pendix A).

Although Eq. (42) is self-referential (both the partition
function Z, and the constraints (c;) appear inside the ex-
ponent), this problem can be resolved in a standard way
by reparametrizing the Lagrange multipliers 6; — 0, [67]
(see Appendix A for details). Although the parameters
6; are no longer the Lagrange multipliers of the original
problem, they are still supposed to be fitted according
to the constraints. To simplify notation, we henceforth
drop the extra symbol and denote the redefined parame-
ters simply as #; and the corresponding partition function
as Z,(0). The general g-exponential probability can then
be shown to take the compact form

Pq(G) =

By(G) = expy_o(—H(G,0)), (43)

1
Z,(0)
where H(G, @) has the same definition as in Eq. (20) for
the ¢ = 1 case. Equation (43) finally generalizes ERGs
to a one-parameter family of ¢-ERGs, hence represent-
ing the formal solution to the most agnostic inferential
construction of graph ensembles with soft constraints.



A. Effective Hamiltonian

Clearly, when ¢ — 1 Eq. (43) reduces to the expo-
nential distribution in Eq. (19), and ¢-ERGs reduce to
ordinary ERGs. In order to better understand the differ-
ences (with respect to the Shannonian case) introduced
by a value ¢ # 1 in the g-exponential framework, we in-
troduce the effective Hamiltonian H"(G, 6) defined im-
plicitly by

= Z,(0) exp(—H,‘;H(G, 0)). (44)

The quantity HS®(G, ) is defined in such a way to pro-
vide us with an indication of which ‘effective constraints’
one should use in the Shannonian ERG formalism in or-
der to produce a graph probability of the same form (up
to a proportionality constant) as the ordinary exponen-
tial probability derived in Eq. (19) for the ¢ = 1 case.
One might then see this operation as a mapping from
the original set of constraints used to define a ¢-ERG to
a different set of effective constraints necessary to define
an equivalent ordinary ERG producing the same proba-
bility distribution P,(G).
Equation (44) is equivalent to setting

H"(G,0) = —Inexp, ,(—H(G,0))

= Inexp, H(G,0)

= - 1 In[l + (1-9q)H(G,0)],

—q
+00 —1
=y %H’“(G, 0). (45)
k=1

where in the last line we require |1 — ¢| < |H(G, 6)|7*

since we have employed the Mercator series expansion
In(l+2z) = —=x (46)

of the logarithm, which is valid for |z| < 1 and « # —1.
In particular, considering values of ¢ sufficiently close to
g = 1 (this is the most relevant regime, as we show in
the next sections), we get the following expansion for the
effective Hamiltonian:

HYG,0) = H(G,0)
+ 1(1-q)H*(G,0)
+35(1-9)°H*(G,0)
+3(1-9°HY(G.0)

+0((1-9)"). (47)

We thus realize that, as seen from an ordinary ERG
viewpoint, the ¢-ERG generates the additional terms
AH,(G,0) = H(G,6) — H(G,6)

3 %ma,e), (48)
k—

[\v]

besides those that would normally be present in the Shan-
non ERG case. These terms are produced by all possible
k-th powers of H(G,0) with k > 1. Tt is however impor-
tant to note that there are no additional Lagrange mul-
tipliers coupled with those extra terms: the only addi-
tional parameter is the single, global entropic parameter
q, whose value couples with the K native Lagrange multi-
pliers 8 in determining P,(G) and automatically dictates
the relative importance of any power H*(G,8) appear-
ing in HS™(G, ). Therefore the new effective quantities
introduced by AH,(G, ) should not in fact be inter-
preted as new tunable ‘constraints’, but rather as new
structural features that will be unavoidably promoted in
the network ensemble, with a strength depending on the
value of ¢, once the K original constraints {(c;)}X, are
enforced.

A direct consequence of the presence of the extra
(k > 1) terms in the expansion (45) for H¢®(G, ) is that,
when the defining constraints in the Hamiltonian H(G, 0)
of the ¢-ERG (i.e., the first term k = 1) are sums of ele-
ments of the adjacency matrix (e.g. the total number of
links or the degree sequence, as in the ER and CM ex-
amples we considered in Sec. IT A and IIB respectively),
links will no longer be independent as we have found for
the standard ERG, because the g-exponential of H(G, 0)
generates effective higher-order link interactions at every
order in (¢—1). Specifically, in such models the quadratic
term (¢ — 1)H?(G,0) will introduce pairwise link-link
interactions, the cubic term %(q — 1)?H3(G,0) will in-
troduce three-link interactions, and so on at every sub-
sequent order k~1(¢ — 1)*"1H*(G,0). Each such order
involves products of k link variables a;, j, Gisj, - - * @iy s
thereby coupling links that are otherwise statistically in-
dependent in the ordinary (¢ = 1) ERG case. Hence,
even without modifying the constraints, the mere depar-
ture from Shannon entropy (¢ # 1) transforms an edge-
independent model into a genuinely higher-order one,
coupling arbitrarily many links. In the rest of the pa-
per, we investigate in detail these ¢-ERGs and indeed
find novel and much more general phenomenology with
respect to what ordinary ERGs feature.

IV. ¢-EXPONENTIAL ERDOS-RENYI MODEL

We now work out in detail the simplest possible g¢-
ERG, which is the direct analogue of the ER model con-
sidered in Sec. IT A. The resulting model, which we denote
as the g-exponential ER (¢-ER) model, is still defined by
the same single (K = 1) constraint on the expected to-



tal number of links (L), which is set equal to a target
value L*, and the Hamiltonian is therefore the same as
in Eq. (25). Using Eq. (43), the resulting maximum ¢-
entropy probability distribution is given by

6(G) = expy_y (—0L(G))

1
2,(0)

quw) expy_, (— Hzn:Zaij) . (49)

i=1 j<i

with partition function

2,0)= Y expy_, (— GiZa”—) . (50)

{ai;} i=1 j<i

The significant departure from the Shannonian case
lies in the fact that, even though the Hamiltonian is still
a sum of the pairwise elements a;;, the maximum-entropy
probability P,(G) no longer factorizes into a product of
probabilities of individual links as in Eq. (28), because
the Z,(0) does not factorize either: indeed, the (2 — ¢)-
exponential of the sum inside Eq. (50) is not the product
of the (2—g)-exponentials, unless ¢ = 1. This means that
links are not independent random variables anymore, and
the ¢-ER model is actually a higher-order network model
with couplings among any number of links. To confirm
this, we notice that the effective Hamiltonian introduced
in Eq. (44) reads

H(G,0) + AH,(G,0) (51)

92%2%

i=1 j<i

eff
H (G, 0)

n

+3a—18 [ DD ay

i=1 j<i

n

+ 3= [ YD ay

+ O((q - 1)3) :

We therefore see that each term of order (g—1)* generates
a coupling between a number k£ + 1 of pairs of nodes.
In the next sections we will explore the consequences of
these couplings and their relation with ERGs with higher-
order constraints.

Before doing that, we notice that the (modified) La-
grange multipliers appearing in P,(G) are obtained by
imposing the matching condition equivalent to the one
in Eq. (24) with P(G) replaced by P,(G), i.c.

L*

I
=
I
<
a
=
2
‘@
>
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where now the matching value of 6 will depend on
q [53], and will reduce to the ordinary value discussed
in Sec. ITA when ¢ — 1. Note that, even though links
are all dependent on one another, the expected value
(a;j) still represents the probability of connection be-
tween nodes ¢ and j; however, this is now interpreted
as the marginal connection probability, unconditional on
the realization of other links, which are all dependent on
a;j. Since Py(G) depends on the adjacency matrix {a;;}
only through the total number of links L(G) = 3, _; aij,
it is invariant under any permutation of links, so the
value of p;; is independent of 4, j, as in the traditional
ER model:
L L*

py = dag) = o B iy ey
The above relation is useful to compare the properties of
the ¢-ER model with those of the corresponding ordinary
ER model for the same expected link density L*/N.

A. Relation with ERGs with higher-order
constraints

We now go back to the effective Hamiltonian in
Eq. (51) and compare it with known ERGs with higher-
order constraints.

For instance, the term of order ¢ — 1 can be rewritten
as (3001 D0 @ii)” = iy Xjci Dokt Dok Xij Okl
which generates 2-link couplings of the form a;jax.
subset of such couplings is present, for instance, in the
so-called 2-star model [68, 69], a popular ERG obtained
by enforcing two global constraints in the network: the
total number of links 377, 37, . a;; (the lowest-order
constraint) and the total number 7 | 37, 37, aijaix
(with & # j) of so-called 2-stars, which is one of the
simplest higher-order constraints. Each of the two con-
straints is controlled by a separate Lagrange multiplier.

Similarly, the term of order (¢ — 1)? can be rewritten
a8 D001 D i Dokmt Dtk Doumt Dov<y Gij@kiGuy, Which
generates 3-link couplings of the form a;jaray,. A sub-
set of these couplings is present in the edge-triangle or
Strauss model [2, 10, 70], another popular ERG obtained
by enforcing the total number of links >~ ;| >° j<i @ij and
the total number Y. D i Dohejei Gij@kak; of trian-
gles. Here as well, the lower-order and the higher-order
constraints are controlled by two independent Lagrange
multipliers.

The 2-star model and the edge-triangle model are
known to be characterized by a phase transition [2, 10,
68-70]: for certain combinations of the values of the
two Lagrange multipliers, the ERG probability P(G) is
concentrated over a set of configurations where the con-
straints are close to their target expected values; however,
for other combinations P(G) is concentrated over multi-
ple sets of configurations, each set featuring values of the
constraints that are either much smaller or much larger
than the target values, while still replicating the correct



number in expectation. This result implies that, in in-
dividual realizations of the ERG, not all combinations
of the values of the defining constraints can be realized.
Certain combinations can only be replicated upon aver-
aging over realizations that are individually very different
from the desired configuration.

In the next sections we will show that a qualitatively
similar phase transition is present in the g-ER model as
well, however with important differences: unlike the 2-
star model and the edge-triangle model, the ¢-ER model
features couplings of all possible (infinite) orders; the in-
troduction of these couplings is not ad hoc or arbitrary,
because the only chosen constraint is the total number
of links, all the other quantities in AH (G, ) emerging
spontaneously as a consequence of having relaxed the en-
tropic parameter to values ¢ # 1; the higher-order cou-
plings need not be tuned independently of one another,
since they are all governed by specific combinations of
the two parameters 6 and q.

B. Thermodynamic limit

We now study the asymptotic behavior of the g-ER
probability distribution in Eq. (49) and the ensuing par-
tition function for large N. The limit N — oo corre-
sponds to the ‘thermodynamic limit’ where the size of
the graph becomes infinite, while certain appropriately
rescaled properties converge to limiting values.

We adopt a methodology familiar from the analysis
of the Asymptotic Equipartition Property in informa-
tion theory [40] and focus on the large-N behavior of the
quantity (In P)/N. To this end, we start with a related
quantity known as the free entropy density

y(0, N) = %m 2, v (0), (54)

which an analogue of a Massieu function from equilibrium
thermodynamics. From now on, we will use the notation
Z, n(0), since we are interested in the large N behavior
and the partition function is explicitly N dependent (in
eq. (50) we are summing all the N link variables a;;,
thus N is effectively the system size). In appendix B,
we demonstrate that, in the limit of large N, the value
of (54) is determined by the maximum of yet another
quantity, which we will refer to as the effective free en-
tropy density ¢q(c,0,N):

A PO N) = i e, 9l 6.0, (55)

where

¢q(cv 0, N)

1

= Helo) = (1—q)N

In[l4 (1—¢q)N0c], (56)

and Hy(c) = —cInc—(1—c) In(1—c) is the binary entropy.
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We now stress that, when considering the thermody-
namic limit N — oo, one should crucially consider how
the entropy parameter ¢ scales with N. We first consider
g constant and finite as N grows, and show that this as-
sumption has to be revised for any nontrivial result to
emerge.

1. Fized q
Assuming fixed 6§ and g as N — oo, we have

. 1
A}gnwmln(lJr(lfq)Nﬁc) = 0. (57)

Thus, the second term in (56) becomes negligible for large
N, and the behavior of ®; and Z, () is determined
entirely by the binary entropy term. In the large N limit
(for fixed 6 and q), we thus obtain for the free entropy
density

lim ®,(0,N) =

N—o00

cnela[gcyl]Hb(C) = Hy(1/2), (58)

where we used the fact that the binary entropy Hp(c)
is maximized by c¢pmax = argmax. Hy(c) = % Conse-
quently, we have

. InZ 0
Jm EYE — ma

& Zyn(0) < NHW/2 = oN - (59)

where we have employed the notation for an asymptotic
equivalence in the exponential sense, namely
by & 1 1 | li ! Inb (60)
an =< im —Inay = lim —Inby.
N N N—oco N N N—oco N N

Similarly, we also show in Appendix B that

L
p(HO ) « - mon,
This shows that the probability is maximal at ¢ = 1/2
and decays exponentially away from this value. Such
behavior exemplifies the large deviation principle [71],
with the rate function

I(c) = Hy(1/2) — Hp(c), (62)

determining the exponential decay. The unique minimum
I(1/2) = 0 implies that only states with ¢ = 1/2 retain
non-negligible probability as N — oo, a phenomenon
known as the concentration of measure.

This reveals a striking degeneracy: keeping ¢ and 6
fixed (the latter condition corresponds to the dense graph
case), the large-N free entropy density converges to the
universal value Hy(1/2) = In 2, identical to that of a com-
pletely unbiased Erdos—Rényi graph with link probability
1/2. In other words, both 6 and ¢ become irrelevant in



the thermodynamic limit at fixed values — the model
loses all memory of its parameters and concentrates all
probability on the maximally random configuration. This
is clearly pathological from the modelling perspective,
and motivates the question of whether and how this de-
generacy can be overcome.

Let us now see how this degenerate case compares with
the Shannonian one, where the probability of observing
a graph with given density c is given by

i (LEVG) - ) (z]vv> a0

The effective free entropy density then takes the form

e ONe, (63)

¢1(c,0,N) = ¢1(c,0) = Hp(c) — fc. (64)

Notably, it is independent of N, if the contribution of
the constraint term fc remains finite (this is the dense
graph limit serving as a reference for the dense ¢ # 1
case considered above). Extremizing with respect to ¢
yields a single stationary point at

1

T4 e (%)

Cmax =

in agreement with eq. (29). The probability then reads

P <L§VG) — C) = e—N[¢1(CnLam;9) - ¢1(C,0)] . (66)

Note that if we choose 8 = 0, we get ¢1(c,0) = H(c)
and ¢max = 1/2, which corresponds to our results for
the ¢g-exponential model. This means that in the large
N limit, the g-exponential model behaves the same as
the (1-exponential) ER model with § = 0 or equivalently
with a link probability p = 1/2.

2. Scaled q

As shown in our previous analysis, the entire large-N
behavior of the g-exponential model is encoded in the
function ¢4(c,6, N) appearing in Eq. (56), as a conse-
quence of the concentration of measure. We have just
shown that, in the large N limit, ¢,(c, 6, N) approaches
a trivial limit regardless of ¢, if the latter remains fixed as
N grows. We now show that this degeneracy disappears
if, assuming the ‘dense’ regime where 6 remains finite in
the thermodynamic limit, we let ¢q scale with IV as

qg=1- + (67)
where 7 is a finite constant (independent of N), which
implies the finite limit

lim (1-¢)N = r. (68)
N—o00
With this scaling, the second term in Eq.(56) remains
finite and provides a new important contribution, gen-
uinely inherent to the g-exponential model. We also see
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from Eq. (51) that the chosen scaling for g implies that all
higher-order terms in the effective Hamiltonian become
of the same order O(N) as H(G,#0), so that the ¢-ER
model will take into account all possible k-link couplings
(with k =1,...,00), each of them contributing with the
same relevance.

To pave the way for the investigation of the effects
of the scaling in Eq. (67), we note again that, for large
N, the probability distribution becomes sharply peaked
around the configurations that maximize the effective
free entropy density ¢4(c, 8, N). In this regime, we can
carry out a saddle-point approximation and replace the
ensemble average with the most likely value. With the
reparametrization in Eq. (67), the effective free entropy
density takes the form

1
or(c,0) = Hy(e) — - In(1 4+ réc), (69)
which reduces to its Shannonian counterpart in Eq. (64)

as r — 0. To find the maxima, we compute the derivative
of ¢,(c,0) with respect to ¢, which reads

0 1-c 0
&cér(cﬂ) = ln< . ) ~ Throe (70)

Setting this derivative to zero leads to the saddle-point
equation

c = ! . (71)

1+ eXp(Hiec)

We have seen in Eq. (29) that in the Shannonian case
(r = 0), there is a single solution at ¢ = 1/(1 4 ¢€%).
For r # 0, however, the behavior can be different, as we
show in the next section.

C. Phase transition

The saddle-point equation (71) allows us to character-
ize the effects of the link dependencies implied by the cho-
sen scaling for ¢, showing that they lead to a phase tran-
sition similar to the one observed for traditional ERGs
with higher-order constraints, even if the ¢-ER still en-
forces only a single constraint on the total number of
nodes.

Indeed, Fig. 1 shows the effective free entropy den-
sity ¢, (c,0) for r = 2.7 at § = 4,5,5.5. For § = 4, a
unique maximum is observed, whereas for § =5 and 6 =
5.5 two local maxima emerge. Furthermore, the global
maximum shifts abruptly between # = 5 and 6 = 5.5,
suggesting the occurrence of a phase transition.

To confirm whether a phase transition occurs, we com-
pute the local maxima and identify the global maximum
as a function of #. In Fig. 2 (right), we show the loca-
tions of the local maxima as a function of 8. For r = 2.7,
two distinct local maxima, denoted ciow and cpigh, ex-
ist within the interval 6 € [4.831,5.846], corresponding



to a stable and a metastable state, respectively. The
points 0, ~ 4.831 and 0,,+ ~ 5.846 are the spinodal
points. The phase transition occurs at 0.4 =~ 5.154,
below which the high-density state is stable and above
which the low-density state becomes stable. For compar-
ison, Fig. 2 (left) shows the case r = 2, where no phase
transition is observed. The Shannonian network density,
given by cshannon = 1/(14¢€%), is also shown for reference.

The conditions for the phase transition can be made
precise. In Appendix G, we establish the following result:

Proposition 1. Let z* > 0 denote a solution of the
equation

(L) = o -

The phase transition in the ¢g-ER model occurs if and only

if

r=(1-qN > rep = @ aes (73)
= q Ry g ~ 2. .

The critical value 7., ~ 2.2768 is thus the threshold
below which no phase transition can occur. At r = rcp,
the free entropy density ¢, (c,0) first develops an inflec-
tion point as ¢ is varied; we define 6., as this threshold
value.

In Appendix H, we establish the following proposition:

Proposition 2. The critical point Oy, is given by

A(rep +1)

Op = 2
p + ren

~ 4.3994. (74)

We map out the full phase diagram by numerically
solving the saddle-point equation (71) for a range of val-
ues of r. For each value we determine the two spinodal
points 8, and O, , the phase-transition boundary 6cyi¢,
and the critical point (rcp, Ocp) = (2.2767, 4.3994). The
result is presented in Fig. 3.

0.08 §

0.06

0.04 1

#rlc)

0.02 4

0.00

—0.02

0.00 0.05 0.10 0.15 0.20 0.25 0.30 035

FIG. 1: The effective free entropy density ¢-(c,0) for r = 2.7
as a function of link density c for different values of 6. The
global maxima of these curves determine the typical configu-
ration.
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Finally, we note that the presence of a phase transition
has direct implications for practical applications, such as
network reconstruction. In particular, for a given value
of r there may be no choice of 6 that reproduces a pre-
scribed target network density. In the metastable region,
two distinct phases coexist — a low-density phase c¢jow
and a high-density phase cpigh. Consequently, densities
lying between maximum value of ¢joy, and minimal value
of chign cannot be reconstructed. This behavior is already
evident in Fig. 2. For a range of r-values, we numerically
determined these boundaries and identified the region in
which density reconstruction is impossible. The results
are shown in Fig. 4. We further assume that the irrecon-
structible region increases with 7, and in the large-r limit,
only allows either ¢ = 0 or ¢ = 0.5.

Remarkably, we have therefore found behavior typical
of standard ERGs defined via the addition of higher-order
constraints besides the overall number of links [2, 10, 24,
68-70]. However, in our ¢-ERG setting that behaviour
does not actually require such extra constraints in the
definition of the Hamiltonian. It is the regime ¢ # 1
that automatically produces the phenomenology typical
of higher-order ERGs, while keeping the overall link den-
sity as the only target constraint.

1. Note on the order of limits

In statistical physics, phase transitions are typically
characterized by the non-analytic behavior of thermo-
dynamic potentials, such as the Helmholtz or Gibbs free
energy. Such non-analyticities, however, arise only in the
thermodynamic limit N — co. Consider again Eq. (55):
indeed, the non-analyticity is caused by the maximiza-
tion over c¢ in the limit N — co. However, we previously
argued that in this limit the model approaches the Shan-
nonian regime with 8 = 0, for which no phase transition
is present.

This apparent contradiction arises from the fact that
we imposed r = (1 — ¢)N and treated r as fixed. Doing
so implicitly changes the structure of the limiting proce-
dures. If we first take the limit N — oo at fixed ¢, we in-
deed recover the degenerate Shannonian model in which
the influence of the parameter 6 vanishes, as previously
discussed. Taking the subsequent limit ¢ — 1 does not
alter this conclusion. Conversely, if we instead take the
limit ¢ — 1 first, we recover the standard Erdés—Rényi
model. This non-commutativity of limits was already em-
phasized in [72], where it was shown that Tsallis entropy
lie in the (¢, d) = (g, 0) universality class, whereas Shan-
non and Rényi entropies correspond to (¢,d) = (1,1).
These belong to different scaling classes and therefore
exhibit distinct behaviors in the thermodynamic limit
N — oo. The situation is also reminiscent of the stan-
dard theory of phase transitions, where

lim lim # lim lim , (75)
N—ooT—T,. T—T. N—oo
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FIG. 2: On the left, we show the behavior of the typical configuration link density cmq. for 7 = 2 as a function of §. On
the right, for » = 2.7, we plot the local and global maxima of the effective free entropy density ¢, (c, ) as a function of 6. In
the range 6 € [4.831, 5.846], there are two local maxima cjo and cuign, where one is stable and one metastable. The phase
transition happens at 0t & 5.154. For reference, we also show the Shannonian network density c¢shannon = (1 + ee)_l.

with T, denoting the critical temperature of the phase
transition.

Our central observation is that the N — oo limit taken
with (1 — ¢)N held constant yields nontrivial behavior,
and that a phase transition emerges only under this scal-
ing. Moreover, we observe signatures of this transition
to persist even at finite N, manifesting, for example,
through metastable states. In network ensembles, where
N (the number of possible links) is typically large but
fixed, the saddle-point approximation should therefore
remain applicable.

Let us now examine the implications of the scaling r =
(1—¢)N for the entropy. In particular, the Tsallis entropy
may be equivalently rewritten in terms of the parameter

Low density phase

Low density stable,
high density metastable,

High density stable,
low density metastable

O5p_
High density phase — O
Oep+
s Critical point

2 3 4 5 6 7

FIG. 3: The phase diagram of the ¢-ER model. For each
value of r, we show the spinodal points s, and Osp4 as well
as the phase transition Ocit. The critical point (rep,fOcp) =
(2.2767,4.3994) is shown as the black dot.

T as

TP =2 (1 - [P(G)]"/N“> - (76)

r
Gegn

By considering the uniform distribution P,(G) = 1/W
for all G € G,,, where W = 2V is the number of possible
binary undirected graphs with n nodes and N = n(n —
1)/2 node pairs, we obtain

T,[P,] = g(l—W_r/N) - N

1-27"

N
. o , (77)

meaning that the entropy is extensive! So, by the specific
choice of the limiting scaling limy_,~ (1 — ¢)N = r with

0.200 T

—— Lower spinodal |
01751 — Higher spinodal

Irreconstructible region

--- r=2.2767
0.150
0.125

0 0.100 Irreconstructible zone - unstable
0.075
0.050
0.025
0.000 T T T T
10 15 2.0 25 3.0

FIG. 4: For different values of r, we numerically approximated
boundaries of the region, where density reconstruction in the
¢-ER model is not possible. Such a region is determined by
the lowest possible value of chigh and the highest possible value
of ¢ciow in the metastable regime. We also show r value of the
critical point, re, = 2.2767.



r finite, we actually made the Tsallis entropy extensive
again. However, remarkably, the resulting behavior is
much richer than in the Shannonian case, which (for a
given exponential state-space scaling) is extensive as well.

D. Moments and cumulants

The saddle-point approximation identifies the typical
link density in the large-N limit, but does not capture
fluctuations or correlations between links. To access
these, we now compute the exact moments and cumu-
lants under the g-exponential model, starting with the
average number of links. In Shannonian case we know
that

0ln Z(0)
This equation, however, does not hold in the g¢-
exponential case. In particular, in Appendix C, we show
that instead we have

Zon1 (=)
Zq,N(e)

Note, in particular, the appearance of

zuvi () o

i.e., the partition function for a system with one fewer
link in the sum, and with a modified parameter. Thus,
the general relationship is not expressed via a deriva-
tive, but through an explicit formula connecting parti-
tion functions with a different number of summed links.
It might be easily checked that, as ¢ — 1, Eq. (79) re-
duces to Eq. (78).

The marginal probability of a single link is, due to
permutation symmetry of the probability, just (a;;) =
(LY/N = {c) for all (i, j), i.e. it is the same as the average
link density. We therefore have

2o (om)
Zq,N(H)

In Appendix D, we show that, instead of computing (a;;)
using (L), there is actually an elegant way to compute
it directly. This is because one can easily sum over
other degrees of freedom. The same methodology can be
extended to the computation of higher-order joint mo-
ments. For k distinct links, the following identity is de-
rived in Appendix E:

(L) = Nexpy ,(—b) (79)

{aij) = () = expy_o(=0) (81)

0
Zq.N—k (m)
24N (9)
Although the above expression is elegant, it presents
a computational challenge due to the difficulty of eval-

uating the partition function. Its characteristic asymp-
totic behavior is known, see Eq. (59), however, its exact

<a7?1j1 T aikjk> = eXpQ—q(*ke) . (82)
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value remains unknown, even for large N. Since, as dis-
cussed above, a particularly relevant regime corresponds
to values of ¢ close to one, we now turn to a perturbative
analysis of this case.

In terms of the effective Hamiltonian HS™(G, 6) intro-
duced in Eq. (51), the partition function is given by

Zon = Y, exp(-H(G,0)) . (83)
Gegn

By introducing source terms h;; coupled to individual
links, we can then derive the standard identities

Z4,n(0,{hij})

= Z exp( — HEH(G) - izhijaij) , (84)

Gegn =1 j<t
and
0ln Z
oM 2qN = (aw), (85)
82111qu
_ = uv - uv/ 86
Ol Oy {hij}=0 <akla > <akl><a > ( )

the last expression coinciding with the covariance
Cov(agi, ayy). By isolating the Shannon-entropy contri-
bution from the effective Hamiltonian, we can write

Z exp{ — Z Z(e — hij)aij}
{ais} i=1 j<i

X exp(~AH,(G))

Zyn(0,{hi;}) =

= 21 n(0,{hij}) (exp(—=AH,))sn, (87)

where (- - - )sn denotes the ensemble average with respect
to the Shannonian distribution, and AH,(G) denotes the
non-Shannonian part of the effective Hamiltonian, which
can be expanded as

AH,(G) = Lq-1D0L(G)?* + L(¢—1)°0°L(G)?

+ Hqg-1%0'L(G)* + O((g—1)"). (88)

Ll

To compute the cumulants, we need the logarithm of the
partition function, i.e.

InZ, n(0,{hi;})

ln ZLN(H, {th})
+ In(exp(—AHg))sh

n

H H In(1+ e_e'H”j)

i=1j<i

+ In(exp(—AHg))sn- (89)

We can then use the cumulant expansion
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FIG. 5: For ensembles of 1000 graphs with 100 nodes, we compute the average link density (c¢) and compare with the perturbative
linear correction [Eq. (91)] and with the solutions of the saddle-point equation [Eq. (71), on the right].

Infexp(~AH s = ~(AH s+ 5 ((AH2)s — (AH,)3,) +O((a—1)?)

1
3

—50= D+ (g - P |56+ 50 (s — (28] + 0= 1) . (90

To extract the cumulants, we differentiate In Z, x with respect to the source terms h;; as prescribed by (85) and (86).
These computations are carried out in Appendix F, yielding, to first order in (¢ — 1):

(a5) = —— {1 + la- )9269(2N—1+69)} + O((g—1)?) 91)
WS T eb 2V TV Ao ¢ ’
Cov(a;j,ar) = (1—q)( O + O((g—1)%). (92)

1+ef)4

As expected from the higher-order link interactions induced by g # 1, the covariance is positive for ¢ < 1 and
vanishes at leading order as ¢ — 1. Notably, to first order in (¢ — 1) it is independent of N, though this independence
breaks down at higher orders.

(

E. Network properties 1. Link density and percolation

Having established the theoretical properties of the g- We considered two complementary methods for ap-
ER model defined by Eq. (49), we now turn to numerical  proximating the link density. The first one is a pertur-
experiments, both to validate our analytical predictions  bative approach based on Eq. (91), while the second one

and to study further network properties such as clus-  involved solving the saddle-point equation (71). Fig. 5
tering and average nearest-neighbor degree. Graph en-  compares the predictions of these approaches with nu-
sembles are sampled using the Metropolis-Hastings al-  merical simulations. For 10 values of (1—¢) evenly spaced

gorithm with a symmetric link-flip proposal (see Ap-  between 1076 and 1073, and for 6 € {1,3,5}, we gener-
pendix K), for which the acceptance probability takes  ated ensembles of 1000 graphs with 100 nodes, computed

the form their link densities, and compared them with the theoret-
. P,(G") ical predictions. The results indicate that the linear per-
a = mln(la PG )> turbative approximation loses accuracy rapidly, whereas

q t

the saddle-point solution remains in excellent agreement
) exp 2_q(_9 L(G")) with the numerical data. Furthermore, as ¢ deviates fur-
mi (17 po (—0L(C ))) ) (93)  ther from unity, the link density for all values of 6 ap-
P2—q t proaches 0.5, consistent with our analytical predictions.

where the partition function cancels in the ratio. Let us next examine, how the link densities are
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FIG. 6: Comparison of distributions link densities for two situations: close to the phase transition (top two graphs) with
r=2.7 and 6 = 5.154 and far from it (bottom graph) with » = 1000 and # = 1. We also plot the corresponding Erdés—Rényi
ensembles (fitted to reproduce the same average link density). For the top two graphs, we used two different initial conditions
and converged to two different fixed points of the saddle-point equation. Used ensembles contained 10000 graphs with 100
nodes.
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FIG. 7: Comparison of the ANND and clustering coefficient depending on node degree for the non-Shannon ensembles close
to the phase transition (left) and far from it (right). Interestingly, near the phase transition, the g-exponential model develops
positive assortativity and increasing clustering with degree. For extreme values of degrees, there are less available data and
therefore the computation is more noisy. Here we have used the same ensembles as for Fig. 6.

distributed among the ensemble. Two representative tion and one far from it. We focus on the case r =
regimes are considered: one close to the phase transi- (1 —q)N = 2.7, for which a phase transition was identi-



fied at 0.5t = 5.154, with the corresponding saddle-point
solutions cjoy = 0.0118 and cpign = 0.2177. To probe
the resulting distributions, we generate two ensembles,
each with a different initial condition for sampling: one
starting with a graph with density ¢y = 0.01 and the
other with ¢jn;; = 0.3. For each ensemble, 10% graphs are
generated, and the resulting link-density histograms are
computed. For comparison, we also generate an ensem-
ble with » = 1000 and € = 1, corresponding to a regime
far from the transition. Finally, we construct Shannon
ensembles tuned to reproduce the same average link den-
sities as the corresponding non-Shannon ensembles.

The results are summarized in Fig. 6. The two distinct
initial conditions converge to different fixed points of the
saddle-point equation, as we can see from the correspond-
ing link-density distributions. The measured mean val-
ues, (C)iow = 0.0120 and (¢)nigh = 0.2173, are in excellent
agreement with the theoretical predictions. Notably, in
the vicinity of the phase transition, the non-Shannon en-
sembles exhibit substantially broader distributions than
their Shannon counterparts. The corresponding standard
deviations are ooy = 0.0018 and opign = 0.0082 for the
non-Shannon ensembles, compared to ojo, = 0.0011 and
Ohigh = 0.0041 for the Shannon ensembles.

By contrast, for the ensemble far from the critical
point, the distributions are nearly indistinguishable, with
{c¢) = 0.4995 and o = 0.005 in both cases. This behavior
confirms our analytical expectation that, for ¢ sufficiently
far from unity, the model reduces to the Erdés—Rényi ran-
dom graph with link probability 1/2, whereas for ¢ close
to unity the two ensembles display markedly different
statistical properties.

We also investigated the percolation transition, which
is a characteristic phenomenon of the ER model. The
overall behavior appears to be the same for the ¢-ER,
the only noticeable difference being an increased variance
in the size of the giant connected component. Further
results are provided in Appendix I.

2. Average nearest-neighbor degree and clustering

Let us now compare additional structural properties
of the networks. We find no significant differences in
the degree distributions between the g-exponential and
exponential (Shannon) ensembles. In contrast, the av-
erage nearest-neighbor degree (ANND) and the cluster-
ing coefficient exhibit notable differences between the
g-exponential model near the phase transition and the
regime far from criticality. These results are shown in
Fig. 7, where we analyze the same ensembles as in Fig. 6
and evaluate the degree dependence of the ANND and
clustering coefficient.*

4 For each graph, the ANND and clustering coefficient are first
computed at the node level. Nodes with the same degree are then
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FIG. 8: Average clustering coefficient as a function of graph
density for the ¢-ER model, for target average degrees (k) €
{1,3,5,7,9} and r € {0,3,6,9}, based on ensembles of 1000
graphs with n = 1000 nodes. No significant deviation from
the Shannon (r = 0) case is observed, in contrast to the g-
exponential CM (cf. Fig. 10).

For the ANND, the non-Shannon model near the tran-
sition displays positive assortativity, accompanied by an
increase of the clustering coefficient with node degree.
We attribute this behavior to the presence of positive
edge-to-edge correlations, in agreement with the analyt-
ical prediction in Eq. (92). By contrast, in the regime
r = 1000 and 6 = 1, the model approaches the Shannon
limit, and both assortativity and clustering remain ap-
proximately constant, as expected for the Erd6s—Rényi
model.

We also studied the overall average clustering coeffi-
cient as a function of graph density for varying r, shown
in Fig. 8. Across all target degrees (k) € {1,3,5,7,9} and
values of r € {0, 3,6, 9}, the clustering remains essentially
indistinguishable from the Shannon (r = 0) baseline. We
attribute this to the nature of the higher-order interac-
tions in the ¢-ER model: as seen in Eq. (51), the cor-
rections couple all pairs of links equally through powers
of the total link count L(G), with no separate parameter
to enforce a preference for triangle formation. This is
in sharp contrast to what we will show in the next Sec-
tion for the g-exponential CM, where varying r produces
substantial deviations from the Shannon case and has a
remarkable impact on the clustering coefficient.

V. ¢-EXPONENTIAL CONFIGURATION
MODEL

We finally turn to the g-exponential generalization of
the CM introduced in Sec. IIB (which we denote as
the ¢-CM), which has constraints on the degrees of all
nodes. The corresponding Hamiltonian is still given by

grouped across the ensemble, and the corresponding quantities
are averaged within each group.



Eq. (33), while the resulting g-exponential graph proba-
bility is given by

O = igiomn (350400 ) o0

i=1 j<i

with partition function

Z,0)= > expy g | =YD (0 +0)ai; | . (95)

{ai;} i=1 j<i

For given ¢, the conditions for enforcing a target degree

sequence {k}}? , are analogous to those in Eq. (37):

J#i J#i

where here p;; = (a;;) represents the marginal connec-
tion probability and, however, the overall P,(G) does not
factorize into a product of terms involving p;;, because
of overall dependencies between all pairs of nodes, as for
the ¢g-ER model.

We can compute {(ay;) for the ¢-CM by summing out
all degrees of freedom except link (k,1) (see Appendix L
for the derivation). Introducing the reduced partition
function and reparametrized multipliers

ZR00) = Y expy, > 0i+0)ai; |,
{ai;} 1<y
(4,5)7# (k1) (4,5)7# (k1)
gb = 0;
’ L—(qg—1)(0x +6))’
we obtain

Z(’”)(é(k’”)

= — (O +0y) L 2. 97
(ak) = expy_, (— (0 +01)) Z,00) (97)
This expression is reminiscent of Eq. (81) obtained in the

¢-ER model. Although it would be desirable to further
~ ~(k,l .
simplify the numerator, Zék’l)(e( )), the g-exponential

of a sum does not factorize in a simple manner, and
Eq. (97) is likely the most compact form attainable. In
principle, we would again carry out a perturbative analy-
sis, analogous to the one performed in Sec. IV D. In what
follows, however, we focus primarily on the behavior of
network properties and evaluate them numerically.

A. Network properties

Among the virtually infinite possible choices for gen-
erating target degree sequences, we consider the conve-
nient strategy indicated in Eqgs. (38) and (39): we sample
{si}1-, i.i.d. from a given distribution, while adjusting
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z to enforce a desired overall link density c¢*. To pick
a realistic distribution, we refer to a study of interbank
networks [73] where the empirical distribution of node
‘strengths’ {s;}?_; was found to be well approximated
by a log-normal distribution with o = 2.28, u = —0?/2.
Since the relationship to the parameters 6; is given by
x; = e %, we can sample 6; from a normal distribution
with ¢ = 2.28 and u = 02/2. Inserting these values
into the p;; in Eq. (38) and summing over all pairs as in
Eq. (39), we obtain the implied link density in the refer-
ence (¢ = 1) Shannonian CM and we adjust z to enforce
a desired value c¢* that we consider as the target one. We
then consider different values of ¢ (or r) and recalculate
z for each of them, to match the same target density c*
for the general ¢-CM, while keeping strengths {s;}7; the
same. With this strategy we can vary z to explore the
space of densities, and compare the CM and ¢-CM for
the same target level of density. Since the parameter z
is multiplicative, in terms of 6; we have to find an addi-
tive shift denoted by Ogpif;, which will recover the target
density of the network.

Let us now see whether the g-exponential model gives
significant corrections in terms of network properties and
whether we will also observe signs of a phase transi-
tion. To this end, we choose target average node degrees
k* € {1,3,5,7,9} (which corresponds to choosing tar-
get average graph density ¢* = k*/(n — 1). For each of
them, we choose several values of r = (1 — ¢)N (N is
the maximum number of links, N = n(n —1)/2) and for
each we find the corresponding 6gp;g to recover the tar-
get density®. Importantly, this time we try both r > 0
(corresponding to ¢ < 1) and r < 0 (corresponding to
g > 1). We then sample 1000 networks with n = 1000
nodes using the Metropolis—Hastings algorithm, similarly
to the ¢-ER model (Sec. IV E), with a symmetric link-flip
proposal (see Appendix K). The acceptance probability
is given by

- (o0

o expy (-3 0k(C)
= min (l’eprq<—2?:10iki<at>>>' (98)

We find that, similar to the ¢-ER model, certain target
densities are irreconstructible, signifying a similar type
of phase transition. For the values of r for which recon-
struction was possible, however, we observe rich degree-
resolved structure. Fig. 9 shows the complementary cu-
mulative degree distribution (CCDF), average nearest-
neighbor degree k,,(k), and clustering coefficient C(k)
for target average node degree k* = 3 across a range of r
values. A full empirical study across other target degrees

5 We find the corresponding fgp¢ by bisection, i.e. we choose an
interval of possible values of gt and iteratively narrow it down
until we reach given precision.



is presented in Appendix J. The degree distributions are
nearly indistinguishable across r, reflecting the fact that
the 6; distribution is held fixed and only the additive
shift Ogpigy is tuned to recover the target density. In con-
trast, both the ANND and the clustering coefficient are
strongly sensitive to r: more negative values of r (cor-
responding to ¢ > 1) produce markedly higher ANND
and clustering at low degrees, while positive r suppresses
them. We therefore find tunable clustering and assorta-
tivity profiles, similar to those reported in studies where
the degree sequence is kept fixed and extra constraints on
the clustering coefficients are introduced [74]. However,
here the only actual constraint is the degree sequence
alone as in the traditional CM, and the tunable cluster-
ing profiles are automatically produced by values ¢q # 1.

A striking consequence is that the parameter r acts as
an independent knob for the average local clustering co-
efficient at fized target density, in sharp contrast to the
standard (Shannon) CM where the degree sequence alone
determines the clustering. Indeed, as shown in Fig. 10,
there is a broad range of accessible values of the average
clustering coefficient for a given target density, demon-
strating that the g-exponential CM provides a genuinely
richer structural repertoire than its Shannonian coun-
terpart. Remarkably, this allows for the coexistence of
sparsity and clustering, which is a widespread empirical
property of real networks that is impossible to replicate
in the usual ¢ = 1 case, for both the ER and the CM.
Moreover, comparing Fig. 10 with Fig. 8, we stress that
the dependence, for fixed density, of the average clus-
tering coefficient on the value of ¢ is found only for the
g-CM and not for the ¢-ER model. This means that the
mechanism required to produce a non-trivial clustering is
not the interaction among links per se, but the combina-
tion of interaction and heterogeneity. Indeed, as already
recalled in Sec. IV A, also in traditional homogeneous
ERGs such as the edge-triangle model [2, 10, 70] it is
not possible to obtain simultaneously a large clustering
and a low density (and more generally any combination
of values for the two quantities), despite the presence of
interactions and the existence of two separate Lagrange
multipliers designed to tune the two quantities. On the
other hand, heterogeneity alone (as in the ordinary CM)
is not enough to produce a large clustering. Therefore
the combination of the two ingredients seems necessary.

VI. CONCLUSIONS

In this paper, we have introduced the most agnostic
inferential framework for network ensembles with given
expected properties, based on the maximization of
generalized (Uffink-type) entropies that extend beyond
Shannon entropy. The generalization is required in light
of the recent (re)discovery [43-45] that the axiomatic
definition of a proper inferential MEP unavoidably
leads to a class of entropies that is more general than
Shannon’s, unlike initially claimed [37, 38]. The corre-
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FIG. 9: Degree-resolved network properties of the g-

exponential CM for target average degree k* = 3 and n =
1000 nodes, for r € {—30,—18,-9,0,9}. Top: complemen-
tary cumulative degree distribution. Middle: average nearest-
neighbor degree knn (k). Bottom: clustering coefficient C(k).
While the degree distributions are nearly identical across r
values, both the ANND and clustering are strongly modu-
lated by r, with more negative r producing higher correlations
and clustering at low degrees. Each curve is averaged over an
ensemble of 1000 graphs.

sponding maximum-entropy probability distribution is
g-exponential, with ¢ = 1 reducing to the traditional
Shannon case. The g-exponential turns the entire class
of ERGs, which include the most popular network
models, into ¢-ERGs, which we have investigated here
for the first time. The resulting framework provides
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FIG. 10: Average clustering coefficient as a function of tar-
get network density ¢* for the g-exponential CM, for target
average node degrees k* € {1,3,5,7,9}. Each band of curves
corresponds to a fixed target density with varying r, illustrat-
ing that the parameter r» independently controls the cluster-
ing coefficient while leaving the degree sequence unchanged.
The accessible range of clustering grows substantially with in-
creasing target density. Each data point is averaged over an
ensemble of 1000 graphs on n = 1000 nodes.

a promising link between the simplicity of maximum-
entropy inference (within the MEP approach) and the
complexity of real-world network topology. Within
this setting, the structure of the underlying Uffink
MEP functionals admits a clear operational meaning:
the function f determines the scaling behavior of the
entropy for uniform distributions (which is relevant for
classification purposes [46, 75]), while the positive pa-
rameter ¢ quantifies correlations in the system through
the associated MEP distributions.

Our analysis of the simplest ¢-ERGs (defined by en-
forcing the overall link density and the degree sequence
respectively) yielded several key insights:

¢ Non-independence of links: Unlike the classi-
cal Shannonian model, where links are independent
Bernoulli variables, the g¢-exponential framework
couples all potential links through the non-additive
nature of the entropy. This can be efficiently cap-
tured via the notion of effective Hamiltonian, which
features extra effective properties that will appear
in the network unavoidably as ¢ # 1, but without
dedicated extra Lagrange multipliers tuning them:
the extra features are all driven by the value of ¢,
with no need to make arbitrary choices of extra
constraints to be added to the original Hamilto-
nian. We derived perturbative expressions for co-
variances, showing that for ¢ # 1, the model inher-
ently induces nonzero correlations between links.

e Higher-order networks from simple con-
straints: The g-exponential setting provides a nat-
ural way of creating higher-order link dependencies

21

from the ‘usual’ simple constraints (link density,
degree sequence) without introducing such depen-
dencies in an ad hoc manner via the addition of ar-
bitrary higher-order constraints (such as the counts
of two-stars, triangles, etc.). This result is parsimo-
nious and particularly relevant in light of the cur-
rent discussion around higher-order networks and
hypergraphs [56-60]. We are therefore confronted
with the fascinating result that, in absence of prior
information ruling out values ¢ # 1, the most ag-
nostic maximum-entropy ensemble of graphs with
given number of links, or given degree sequence,
does not have independent edges and is therefore
a higher-order network model, without the need
to input additional (and arbitrarily chosen) higher-
order constraints.

The critical scaling regime: We identified
that the ‘Shannon degeneracy’ (the tendency of ¢-
exponential statistics to collapse into exponential
Boltzmann-Gibbs statistics in the large-N limit)
can be overcome by the specific scaling (1—¢)N = r
with r fixed and finite. This reveals that for the ¢-
exponential paradigm to remain relevant for large
networks, the non-extensivity parameter 1 —¢ must
scale inversely with the system size.

Phase transitions and structural complexity:
Through a saddle-point analysis, in the g-ER model
we proved the existence of a phase transition be-
tween sparse and dense network regimes. Crucially,
we observed that near this criticality, the ensem-
ble exhibits structural features — such as degree-
dependent clustering and assortativity — that are
absent in the standard Erdés-Rényi model. The
behavior of the ¢-ER is in fact typical of standard
homogeneous ERGs with the addition of higher-
order constraints [2, 10, 68-70], which are however
unnecessary here.

Generalized Configuration Models: Our ex-
tension of the CM to the ¢-CM demonstrates that
the g-exponential framework is sufficiently robust
to accommodate degree constraints. We showed
that the parameter r enables the tuning of higher-
order structural properties, such as the average
nearest-neighbor degree and the local clustering co-
efficient, while keeping the degree sequence con-
strained, thereby providing an additional degree
of freedom for network reconstruction. The re-
sulting tunable clustering and assortativity profiles
are similar to those obtained in more complicated
models [74] requiring the introduction of extra con-
straints on the local clustering coefficients. Re-
markably, for appropriate values of ¢ the average
local clustering coefficient can be made large even
for low link density, a feature that is widespread
in real networks but impossible to replicate via the
ordinary CM, via the ¢g-ER, or even via traditional



homogeneous ERGs with edge-triangle constraints.
This indicates the need for a combination of link
dependencies and heterogeneity in order to repli-
cate sparse clustered graphs via maximum-entropy
models.

In future work, we plan to extend this framework to
other class of graphs such as multiplex and weighted
networks, where the non-additive nature of the entropy
may additionally capture inter-layer correlations and the
heavy-tailed nature of various distributions commonly
observed in empirical data. Overall, our results indicate
that the ‘physics of information’ in networks is highly
sensitive to the choice of entropic functional, and that
non-Shannon entropies offer a mathematically rigorous
and phenomenologically viable approach for modeling the
intrinsic dependencies within complex systems.
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Appendix A: Derivation of the ¢g-exponential ERG distribution

We derive the general g-exponential graph probability stated in Sec. III, starting from the Lagrange functional £,[P]
in Eq. (41). Computing the partial derivative with respect to P;(G’) and demanding it to vanish for all G’ € G,,, we
find

L,P] = 13 PG Zecz (@) — VG € G- (A1)

a =15 PUG) — Y 0ile) . (A2)

I—q GEGn i=1
Substituting back Eq. (A2) into Eq. (A1) and multiplying by (1 — ¢)/q yields
PIi@) = Y PIG Ze (@)~ {e)). (A3)
which can be conveniently rewritten as

1/(¢—1) 3 1/(q—1)
< > Pg(G)) l1 — ) (Ze (ci(GQ) — >)>] : (A4)

GEG, q ZGegn N

The prefactor (Zceg PI(@)) Y@= can be identified with both the inverse partition function Z;'(6) and the inverse
Uffink entropy U, 1[P,] of P, itself — which is an indication of self-referentiality:

1/(1—=q)
( Z Pé’(G)) = Uq[Pq] . (A5)

Gegn

Now, exploiting the duality relation

expy(—2) = [1 — (1-q)al/" P = [1 + (g- D27V = [expy_y(@)]', (¢€R), (A6)

mapping the g-exponential of —z to the inverse (2 — ¢)-exponential of x, the general g-exponential graph probability

P,(G) can be written as

1/(q—1)

L +

1 [ R B
= Z,(0) €XPq (qu_q(H) Zei(ci(G) - <Cz>)>] (A7)
= qu(e) eXp2q< Zl T ZH ¢i(G Z>)> . (A8)

To resolve the self-referential dependence on both Z, = U,[P,] and (c¢;), we use the g-exponential addition formula

(ct. [47])

expyyfa+9) = exps gy (2 ). (A9)
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With this we can write

1 K
expyy (- > 0i(6(G) - (@))

K K
1 1
= expy_,| —— g 0:{(ci) | expy_, | ———— 0;ci(GQ) | . (A10)
’ q<qz; = ) 2 ( 02y "+ (- DI bile) S

The first factor on the right-hand side is independent of G and therefore cancels in both numerator and denominator
of Eq. (A8). We can thus define reparametrized multipliers

0, = b , (A11)

4Z¢ "+ (- 1) biles)

and obtain
1 K
Fy(G) = 5 exps (-Zeici(c:)) (A12)
q i=1

As shown in Ref. [67], the parameters 0; can be identified with Casimir invariants associated with the group of
reparametrizations of Lagrange multipliers that preserve form invariance of the distribution (up to an arbitrary shift

in ¢;’s). Dropping the tilde and writing H(G, ) = Zfil 0:ci(G), Eq. (A12) takes the compact form (43).

Appendix B: Large N behavior - detailed computations of the ¢g-exponential Erdés—Rényi model

We derive the two results stated in Sec. IV B: the variational formula for the free entropy density (55) and the
large-deviation form of the link-density probability.

Step 1: Bounds on the probability

Since all (],: ) adjacency matrices with exactly k links are equally weighted by exp,_,(—0k), the probability of

observing link density ¢ = k/N is

() - ()

We can use standard information-theoretic bounds [40]

L Ny N NHy(e)
_— 9 < < ble B2
N+1°© = \we) =€ ’ (B2)
where Hy(c) = —clne — (1 — ¢)In(1 — ¢) is the binary entropy. Then let us rewrite the g-exponential as a standard
exponential via
eV He(e) expy_,(—0Nc) = eNoa(eON) (B3)

with the effective free entropy density [Eq. (56) of the main text]

1
¢q(ca 0; N) - Hb(c) - N(l — ) ln[l + (1 - q)HNc] (B4)
Using this rewritten form, the bounds become
N¢g(c,0,N) Ngg(c,0,N)
et < p(L(G)_C> <& 7 (B5)
(N+1)Z,n5(0) N Z,n(0)
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Step 2: Variational formula for @,

Let cmax = argmax. ¢g4(c, 0, N). We examine each bound in (B5) separately.

e Lower bound. Since P £¢) — c) < 1, the lower bound in (B5) gives gAge™N?a(=fN) < 2, y(6). This holds
in particular for ¢ = cpax; taking logarithms and dividing by N,
In(N +1)

_T + (bq(cmaxyeyN) S

In Zq,N((g)

N (B6)

e Upper bound. Summing the upper bound of (B5) over all N + 1 possible values of ¢ (one for each k €
{0,...,N}) and using }°_ P(-) =1,

eNoq(c,0,N) N g (Cmax,0,N)
1< S vy B7
2z = N L) o7
Taking logarithms and dividing by NV,
InZ, n(0) In(N +1)
5 < .
N = N + ¢q(cmax7 97 N) (B8)
Since In(N + 1)/N — 0, squeezing (B6) and (B8) yields®
. lIl Zq,N(Q) - .
i P = s o000, ®
which is Eq. (55) of the main text.
Step 3: Large-deviation form of P
Combining the probability bounds (B5) with the partition function bounds (B6)—(B8) yields
2In(N +1) 1 L(G)
7T —+ ¢q(C,97N) — ¢q(cmaxaeaN) S NlnP(N =cC
In(N +1
< 0g(e,0,N) — g(Cmax, 0, N) + % (B10)

For fixed 6 and g, the second term in (B4) satisfies + In(1+ (1 — q)0Nc) — 0 as N — 00, s0 ¢q(c, 60, N) = Hy(c)
and ¢pax — 1/2. Taking N — oo in (B10),

. 1 L(G
A}gnooNlnP(EV) = c) = Hy(e) — Hp(1/2), (B11)
or equivalently
T -

where ay < by means that %(ln any —Inby) — 0. This establishes Eq. (61) of the main text, with rate function
I(c) = Hy(1/2) — Hp(c) > 0. Relation (B12) represents the asymptotic equipartition property [40, 77] associated with
the Erdés—Rényi model.

6 Strictly, the discrete maximum over ¢ € {0,1/N,...,1} dif-
fers from the continuous maximum over [0,1] by O(1/N); see
Ref. [76].
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Appendix C: The average number of links

The average number of links is computed as follows

B ZN: k(N) expy_,(—0k)
(L) = Zk=0 2{5\/(9)2 .

(C1)

Next, we can use the identity k(],\!) = N(]Z__ll), and the fact that we can write the sum from k£ = 1 as the term with

k = 0 does not contribute. The numerator then is
N

Z k<JZ) expy_,(—0k) = NkzN1 (]13:11) (1—(q—1)0k)"/ (@1

k=0

(1= (g = 1Ck + 1))@V

=N p )= (a= 10— (g = 1)ok) /Y
k=0
N-1 1/(q—1)
_ N-1 0
k=0 4
0
_ _ N-1
= Nexpy_,(-0) 2, <1_(q_1)9). (C2)
The average number of links can be then written as
ZN—l ( %) )
a T—(q—1)0
(L) = Nexp,_,(—0) ZN0) (C3)

Appendix D: Direct computation of (a;;)

0o = oy D omemna (0L Tw) = gy T T owna (<03 T )

@i} =l j<i ars=0,1 {aij}i<i i=1 j<i
(4,4)#(r,5)
1
_ o 5)
quN(g) Z . eXp2—q ( Z Qi
{aij}i<y 1<J
(4,5)#(r,8) (4,5)#(r,8)
1 0
= expy_,(—0 exps_ (— _— Qi
Z(I,N(e) p2 q( ) {a§<7 p2 q 1 _ (q _ 1)9 ; J)
(i,§)7(r3) (1.)#(r,5)
: (~6)Z f (O1)
= —— ex — _ -
Z,n(0) TP TSN T =)0 )

where on the third line, we utilized formula (A9), and on the last line we used the definition of Z, n(z) [see Eq. (50)].

Appendix E: Computation of higher moments (a;,j, - .. @i j,)

Similarly to how we computed (a;;) in (D1), we can compute higher moments. First, let us realize, that a;; = afj =
a;; for any n € N, since we are dealing with binary variables. Therefore, it suffices to consider distinct links.
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Let us have k distinct links 41 < j1,...,% < jr. Then we can write

(@irjy - - - Qiyjy) = E @iyjy - iy ©XDo_g [ =0 ai

{ai;} 1<J
= Z s Z Ay gy v - Qi e Z exp2_q —0 Z Qi . (El)
@i =01 a5, =0,1 {aijticy i<j
(6:3)¢{(Gasda)}
Now, the only summands contributing to the sum are those for which a;,;, = --- = a4, = 1. Therefore, we can

rewrite the sum as

1
i) = 3 I TR D
(a 11 ak]k> Zq,N(e) W €XPa_gq Qij
QAij i<y

i<j
(1,)¢{(iasJa)} (3,5)¢{(iaJa)}

1 0
— m eXp2_q (—k@) Z eXp2_q —m Z aij

{aij}icy 1<J
(4,5)¢{(ia ja) } (4,5)¢{(ia,Ja)}
1 0
= — k) Z N | ————— E2
Zq,N(e) eXpQ—q( ) q,N—k (1—k(q—1)6> ) ( )

where on the second line we used the identity (A9).

Appendix F: The ¢ = 1 expansion of (a;;) and Cov(a;j, ax)

As discussed, the first and second joint cumulants can be calculated as

OnZyn = (ap), (F1)
Okt {ini;y=o
82 In Zq,N
O |,y () ()
= Cov(ags, @mn) , (F2)
where
1
InZ, n(0,{hij}) = InZy n(0,{hi;}) — §(q—1)92<L2>Sh + 0((g-1)%) . (F3)
Since Z1 n(6,{hi;}) is the Shannonian partition function, we know that
81nZlN 82111211\[
J— — a s _— = O. F4
Ca P v P "
and also
1 8<ai->5h el hij
(aij)sn = e ah]ij = (e = (ai;)sn [1 — (@ij)sn) - (F5)

We can expand (L?)g), as
(LYsn = > (a3)sn + Z Z (aijam)s
(k 1)75(&7])

- Z<aij>8h + Z Z (aij)sn{ar)sn - (F6)

1<j i<j
(k,l#(i,j)
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The first derivative with respect to Ay, evaluated at {h;;} =0, is

6<L2>Sh 8<a/mn>Sh a<a/'mn>Sh
1 = — = 4+ 2 a —
Ohn, {hi;}=0 Ohmn kz<l < kl>Sh Ohn,
k#m, l#n {hi;}=0
60 69 6‘9
= —— + 2(N-1 = 2N — 1 + €. F7
(1+e%)? ( Tre (1+ef)? (1+60)3[ ] E7)

Combining Egs. (F3), (F4), and (F5), we obtain the final expression in Eq. (91).
For the covariance between distinct links (m,n) # (p, ¢), we compute

9%(L?)sn _ 9 O{amn)sh 9{apq)sh _ 5 e (FS)
Ohrn g | (4, 3o Ohpg  Ninymo OPmn linymo  (1+€f)!
This implies
92620
Cov(amn, apq) (1- Q)m : (F9)
[
Appendix G: The phase transition condition T oc P
07]— R.6=87r=35 e
R(c).6=2,r=15 7
To gain further insight into the phase transition de- 06 .
scribed in Sec. IV C, we examine the saddle-point equa- e
0.5 -

tion (71) in more detail. By rewriting the right-hand side
in the form

R(e) = [1 + exp<é+1rc>r,

we note that R(c) is bounded between 0 and 1 and is
discontinuous at ¢ = —1/(r#), which is negative since
both r and 6 are positive. It is straightforward to see that
on the interval (—1/(rf),+00), R(c) is a differentiable,
monotonically increasing function of ¢ that approaches
1/2 as ¢ — +oo. Consequently, the only way for R(c) to
intersect the left-hand side L(c) = ¢ more than once is
if the derivative of R(c) with respect to ¢ exceeds 1 (the
derivative of L(c)) over some interval. If this condition is
met, there exists a value of § for which R(c) has multiple
intersections with L(c). An illustration is provided in
Fig. 11.

To assess this condition more quantitatively, we note
that in Eq. (G1), 6 acts as a shift along the c-axis and
thus does not alter the shape of R(c). Consequently, the
above condition is determined solely by the value of r,
and it is sufficient to examine the criterion

— |1 + exp| — > 1.
dc re

Let us denote f(c,r) = [1 + exp (7%)],1 and recognize
that it can be written using a logistic function o(x) =

H% as fle,r) =0 (—i) In passing we note that the

(G1)

(G2)

0.1

0.0 £ | | | ! | | }
0.0 01 02 03 04 05 0.6 07 08

FIG. 11: The left-hand side L(c) = c and the right-hand side
R(c) of the saddle-point equation (71) for two distinct com-
binations of r and 6. To have more than one intersection
(solutions to the saddle-point equation), the necessary condi-
tion is that the derivative of R(c) must be larger than 1 on
some interval.

logistic function satisfies the following useful identities:

o(—z) =1 — o(z), (G3)
d

,0@) = o)1 -o(2)], (G4)
20(z) = 1 + tanh (g) ) (G5)
tanh (g) = o(z) — o(—2) (G6)



Using (G3) and (G4), we rewrite the condition (G2) as

0 0 1
%f(cﬂ”) = 90 <_rc>

1 1 1
a<—>o<)2 > 1.
rc rc) rc

We recognize that this expression is odd in ¢, and there-
fore it is enough to check the condition for ¢ > 0. Since
we consider r > 0, we have a%f(c, r) > 0 and it is easy
to check that

(G7)

lim gf(c,r) =0.

.0
lim —f(e,r) = Jm =

G8
c—0+ Jc ( )
Since % f(e,r) is differentiable (and hence also continu-
ous), it suffices to check the condition at its maximum.

The condition for the maximum of % f(e,r) is given
by

32
@ (C,T) = O (Gg)
By evaluating the derivative, we obtain
1 1
0< ) - a() — 2rc = 0, (G10)
rc rc
and with the help of the identity (G6)
famh ) = 2 (G11)
anh | o— | = 2re.

The maximum of % f(e,r) is therefore attained at the
value of ¢ satisfying Eq. (G11). The condition (G7) can
then be rewritten as

(2rc)?
do (=5) o ()
which can be further rewritten using the identity (G5)
and the fact that tanh(z) is an odd function as

r o> (G12)

(2rc)?

—_— . G13
I ol (1) (G13)

Combining Egs. (G11) and (G13), we see that it suffices
to identify a solution z* of tanh(1/z*) = z*. Condi-

tion (G13) then implies r > %, which completes
the proof.

Appendix H: The critical point

The second derivative of ¢, (c, ) is given by

0? 1 r
@@(0,9) ~cle—1) s+rc

(H1)
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FIG. 12: Order parameter S (left) and its variance Var(S)
(right) as a function of target average degree k* near the per-
colation threshold, for n = 1600 nodes and r € {0, 6,12, 18}.
The mean size of the giant component is insensitive to r, while
the variance grows substantially with increasing r, indicating
enhanced critical fluctuations.

Setting to zero and rearranging, we get

1+ cerf(2-60) — Er*(r+1) = 0. (H2)
We want to find the smallest 6, for which this equation
has a solution. That is equivalent to finding such 6, for
which the discriminant of the quadratic equation is zero.
This yields

r20%(2 - 0)* — 4r6*(r+1) = 0. (H3)
Assuming 0 # 0 and using the r value of the critical point
Tep, we find

4(r, 1
901)22"" M
Tep

(H4)

Appendix I: ¢-ER model — Percolation

For the percolation study, we generated ensembles of
1000 graphs with n = 1600 nodes for target average de-
grees k* € {0.9,0.95,1.0,1.05,1.1} (spanning the perco-
lation threshold at k* = 1) and r € {0,6,12,18}. We
tracked the order parameter S (fraction of nodes in the
largest connected component) and its variance Var(sS).
As shown in Fig. 12, the mean value of S is virtually
identical across all values of r, confirming that the large-
N behavior of the giant component is the same as in the
Shannon case. However, the variance of S grows mono-
tonically with r: near the percolation threshold, ensem-
bles with larger r exhibit significantly larger fluctuations
in the size of the largest connected component. This sug-
gests that while the ¢-ER model does not shift the perco-
lation threshold, it does amplify the critical fluctuations,
consistent with the enhanced link correlations identified
analytically in Eq. (92).
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FIG. 13: Lagrange multiplier shift fsnif as a function of r for
target average degrees k™ € {1,3,5,7,9}. The shift increases
monotonically with r for all target degrees, reflecting that
larger |r| requires a stronger compensation to maintain the
prescribed density.

Appendix J: ¢-Exponential Configuration Model —
Empirical Results

As described in Sec. V A, we study the g-exponential
CM for target average node degrees k* € {1,3,5,7,9}
and a range of values of r = (1 — ¢)N from r = —30 up
tor =9 (for r > 9, we often start hitting the irrecon-
structible region). For each combination of £* and r, we
determine the additive shift 6g,;¢ by bisection so that
the sampled ensemble reproduces the target density, and
then generate 1000 networks with n = 1000 nodes using
the Metropolis-Hastings algorithm.

1. Fitting the shift parameter

Before comparing structural properties, it is instruc-
tive to examine how the required Lagrange multiplier
shift Ognire depends on r. As shown in Fig. 13, the shift
increases monotonically with 7 for all target average de-
grees k* € {1,3,5,7,9}: moving from negative to positive
r (i.e. from ¢ > 1 toward ¢ < 1) requires a progressively
larger additive shift to maintain the target density. Net-
works with lower target density (note that higher k* cor-
responds to a denser graph, so curves for lower k* sit
higher) require a larger absolute shift overall.

2. Degree distributions

An important aspect of our experimental setup is that
the parameters 6; are not fitted individually for each node
and each value of r. Instead, a single set of 6; values is
sampled from the normal distribution (with o = 2.28,
u = 02/2) and then kept fixed across all values of r;
only the common additive shift fgpis is adjusted to re-
cover the target average degree. As a consequence, the
degree sequence is not enforced exactly: different values
of r induce different link probabilities from the same 6;
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profile, leading to differences in the resulting degree dis-
tributions.

Fig. 14 shows the complementary cumulative degree
distributions for all five target average degrees and a
representative subset of r values. For low target degrees
(k* = 1), the distributions for different values of r remain
nearly indistinguishable. As the target degree increases,
however, systematic differences between curves for dif-
ferent r values emerge, particularly in the tail of the dis-
tribution. This is a direct consequence of the shared-6;
setup: at higher densities the non-Shannon coupling has
a stronger effect on the individual link probabilities, so
the resulting degree sequence deviates more noticeably
from the Shannonian baseline as r varies.

3. Tunable clustering

Fig. 15 displays the average clustering coefficient (C')
as a function of r for each target average degree. A clear
and consistent trend is visible across all values of k£*: in-
creasing 7 (i.e. moving from ¢ > 1 toward ¢ < 1) leads to
a monotonic decrease in average clustering. The range of
attainable clustering values widens substantially with in-
creasing k*, corroborating the result of Sec. V A that the
parameter r acts as an independent knob for clustering
at fixed degree sequence. This tunability is entirely ab-
sent in the standard Shannonian CM, where the degree
sequence alone determines the clustering.

Average clustering coefficient vs r

0.6 1

0.5 4

0.3

0.2 4

FIG. 15: Average clustering coefficient (C) as a function of
r for target average degrees k* € {1,3,5,7,9}. The Shan-
non (r = 0) result is marked for reference. Clustering de-
creases monotonically with increasing r, and the accessible
range grows considerably with k¥, demonstrating that r inde-
pendently controls the clustering at fixed target density.

4. Degree-resolved network properties

Finally, Fig. 16 shows the average nearest-neighbor de-
gree knn(k) and the local clustering coefficient C(k) as
functions of node degree k, for all five target average
degrees and several values of r. Both profiles exhibit
a systematic shift with varying r: networks with more



negative r (deeper into the ¢ > 1 regime) display higher
values of both the ANND and the clustering coefficient
across all degree classes compared to networks with pos-
itive r. The shape of the profiles — both quantities de-
creasing with k — is consistent with disassortative mix-
ing, but the overall level is controlled by r. This confirms
that the g-exponential CM provides a genuinely richer
structural repertoire than the Shannonian CM, allowing
fine-grained control over higher-order structural proper-
ties while respecting the prescribed degree sequence.

Appendix K: Metropolis—Hastings sampling

The Metropolis-Hastings algorithm [78] is a Markov
chain Monte Carlo method designed to generate a
Markov chain with a prescribed stationary distribution
P(G). Starting from a current graph configuration Gy, a
candidate graph G’ is proposed according to a proposal
distribution Q(G’|G;). The proposed graph is then ac-
cepted with probability

! /
uin (1, PE1QCION).
P(Gy) Q(G'|Gy)

a (K1)

J
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while G; is retained with probability 1 — «. A sufficient
condition for convergence to the correct stationary distri-
bution is that any graph can be reached from any other
in a finite number of proposal steps.

In both the ¢-ER model and the ¢-CM, we use a pro-
posal that flips a uniformly at random chosen link (i.e.
toggles a non-existent link to present, or an existing
link to absent). This proposal is symmetric, Q(G’'|G) =
Q(G|G"), so the acceptance probability reduces to

win (1. 56 )-

Crucially, only the ratio of graph probabilities enters, so
the (intractable) partition function cancels.

P(C")
P(Gy)

e (K2)

Because each update changes only a single link, suc-
cessive graphs in the chain are strongly correlated. To
reduce autocorrelations we apply thinning: after every
M proposed steps — where M is of the order of the total
number of possible links — we append one graph to the
ensemble. We generate ensembles of 1000 graphs for each
set of model parameters studied in this work.

Appendix L: Link probability in the ¢g-exponential CM

We derive Eq. (97) of the main text. Starting from the definition and isolating the sum over ay;,

<akl>Zq(91, e 79]\[)

{ai;}

akl:O,l

{ais}
(6,3) 7 (k1)

Z k1 €Xpy_, { - z”: 2(91 + ej)aij]

i=1 j<i

Z agl Z €XPy_q [— (Qk + Gl)akl — Z (91 + Hj)aij}

i<j
(@,5)# (k1)

Z exXpy_, {—(Qk—k@z) — Z (ei‘*‘ej)aij}

{ai;} i<j
(1.5) (kD) (,5)# (kD)
0; + 0
= exp,_(—(0r + 8 exp,_ . | — J ij
Proal= 0 ) {;} P ; 1= (g =1)(6k +6,)
(6.5) 2 () (6.) (k)

expy_(— (0 +00) 200 (810,050,

(L1)

where the third-to-fourth line uses the g-exponential addition formula (A9). Dividing both sides by Z, yields Eq. (97).

(
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FIG. 14: Complementary cumulative degree distributions for the g-exponential CM at target average degrees k™ € {1,3,5,7,9}
and selected values of r € {—30,—9, Shannon, 9}. Note that the parameters 6; are sampled once and held fixed across all r;
only the common shift Ospis is tuned to match the target average degree. Distributions for different r values are nearly identical
at low target degrees but begin to diverge in the tail as the target degree increases, reflecting the growing influence of the
non-Shannon coupling on the individual link probabilities.
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FIG. 16: Average nearest-neighbor degree knn(k) (left column) and local clustering coefficient C'(k) (right column) as functions
of node degree k, for target average degrees k™ € {1,3,5,7,9} (rows) and selected values of r. Both quantities decrease with k
in all cases, but their overall level shifts systematically with r, demonstrating that the non-Shannon parameter independently

controls higher-order structural properties beyond the degree sequence.
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